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Abstract 

We generalize the concept of global moment maps to local moment 
maps whose different branches are labelled by the elements of the funda- 
mental group of the underlying symplectic manifold. These branches can 
be smoothly glued together by employing fundamental-group- valued Cech 
cocycles on the phase space. In the course of this work we prove a cou- 
ple of theorems on the liftability of group actions to symplectic covering 
spaces, and examine the possible extensions of the original group by the 
fundamental group of the quotient phase space. It it shown how the split- 
ting of multiplets, this being a consequence of the multiply-connectedness 
of the quotient phase space, can be described by identification maps on 
a space of multiplets derived from a symplectic universal covering mani- 
fold. The states that are identified in this process are related by certain 
integrals over non-contractible loops in the quotient phase spacec. 
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1 Introduction 

For a physical system whose Lagrangian is invariant under the action of the 
isometry group G of a background spacetime, the algebra of conserved charges 
coincides with the Noether charge algebra of the system associated with the 
isometry group. In recent years, it was observed by many authors working in 
the field of high energy physics, that when classical or quantum fields prop- 
agate in background spacetimes which are topologically non-trivial then the 
associated algebra of conserved charges may reflect this non-triviality by ex- 
hibiting extensions of the Noether charge algebra which measure the topology 
of the background, provided the system is only semi-invariant under the isometry 
group of the spacetime (see, e.g., [[[]). On the other hand, the algebra of con- 
served charges defines a partition of the underlying phase space by distinguishing 
those subsets of the phase space on which the values of all conserved charges 
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involved are constant (this is just the first step to a Marsden-Weinstein reduc- 
tion) . These subsets then could be called " elements of classical G-multiplets" , 
a multiplet being defined as a G-orbit of such subsets. On every such multiplct, 
the symmetry group G acts transitively, thus exhibiting a property which is 
the classical analogue of an irreducible representation in the quantum theory 
[|J. Now, if dynamical systems are described in the framework of symplectic 
formalism, the quantity determining this phase space partition is what we call 
a global moment map on the phase space. However, this global moment map 
need not exist in the case that the phase space is not simply connected. This ob- 
servation was the starting point for the investigations in this work. For systems 
with finite degrees of freedom, we generalize the concept of a global moment 
map to multiply connected phase spaces and general symplectic manifolds. We 
show that the appropriate generalization involves a locally defined multi- valued 
moment map, whose different branches arc labelled by the fundamental group of 
the phase space. Furthermore, it is shown how the different local branches can 
be smoothly glued together by a glueing condition, which is expressed by certain 
Cech cocycles on the underlying symplectic manifold. These constructions are 
intimately related with the existence of a universal symplectic covering mani- 
fold of the original phase space. On the covering, global moment maps defining 
G-multiplets always exist. At the end of this work we show how these multiplets 
on the covering space can be related to G-multiplets on the original symplectic 
manifold by an identification map which derives from the covering projection. 

In order to formulate these ideas rigourosly we first had to examine the 
question of liftability of symplectic group actions on a symplectic manifold to a 
covering space. In the course of this, we proved a series of theorems investigating 
the existence and uniqueness of such lifts, and to which extent the lifted action 
preserves the group structure of the original symmetry group G. 

The plan of the paper is as follows: In section || we collect basic statements 
about covering spaces on which the rest of this work relies. In section |^ and 
|] we examine multi-valued potential functions for closed but not exact differ- 
ential forms on a multiply connected manifold. These considerations will be 
needed later on when examining local moment maps. In section ^]-(^ we collect 
notation conventions and basic facts about symplectic manifolds, Hamiltonian 
vector fields, and cotangent bundles. In section |^ we study how covering pro- 
jections can be extended to local symplectomorphisms of coverings of cotangent 
bundles. Sections ^ and |Io| examine the conditions under which an action of a 
Lie group G on a manifold can be lifted to an action on a covering manifold, 
and when such a lift preserves the group law of G. Section [ll] examines the rela- 
tion between group actions on covering spaces and equivariance of the covering 
map. In [l^ we introduce our notation for symplectic G- actions on a symplectic 
manifold. Section |l3| recapitulates the notion of global moment maps as they 
are usually defined, while this concept is generalized to local moment maps in 
the subsequent section [l4]. Equivariance of global and local moment maps is 
discussed in section [l5| Section 16 discusses the relation of local moment maps 
to covering spaces which are themselves multiply connected. In 17 we introduce 
the concept of G-states, while the subsequent section |l~8| shows how a splitting 
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of G-states on multiply connected symplectic manifold arises. 

2 Basic facts about coverings 

In this section we quote the main results on coverings and lifting theorems on 
which the rest of this work is built; it is mainly based on @,|@|)lll>@- I n this 
work we are interested in covering spaces that are manifolds. Consequently, 
some of the definitions and quotations of theorems to follow are not presented 
in their full generality, as appropriate for general topological spaces, but rather 
we give working definitions and formulations pertaining to manifolds and the 
fact that these are special topological spaces (locally homeomorphic to M. n ). 

— A covering of manifolds is a triple (p, X, Y) , where p : X — > Y is a 
smooth surjective map of smooth manifolds X,Y, where Y is connected, such 
that for every y £ Y there exists an open neighbourhood V C Y of y for 
which pT 1 (V) is a disjoint union of open sets U in X, on each of which the 
restriction p\U : U — > Y is a diffeomorphism. Every open V C Y for which 
this is true is called admissible (with respect to p). This means that, for each 
y £ Y, the inverse image p _1 (y) C X, called the fibre over y, is discrete. Since 
Y is connected, all fibres have the same cardinality, p is called projection or 
covering map. A diffeomorphism (ft : X — > X such that po (ft = p is called a deck 
transformation of the covering. The set D of all deck transformations of the 
covering is a group under composition of maps. Since every (ft £ V permutes the 
elements in the fibres p~ 1 (y), the group V of all (ft is discrete. If X is connected, 
deck transformations are uniquely determined by their value at a given point 

x e x. 

— Let x £ p^ 1 (j/), and let n\ (X, x), tti (Y, y) denote the fundamental groups 
of X and Y based at x and y, respectively. The projection p induces a homomor- 
phism p# : n\ (X, x) — > 7Ti (Y, y) of fundamental groups, such that p#iti (X, x') 
ranges through the set of all conjugates of p#iri (A, x) in m (Y, y), as x' ranges 
through the elements in the fibre p^ 1 (y). A coverings : X — > Y is called normal 
if p#7ri (X,x') is normal in m (Y,y) for some (hence any) x' £ p~ x (y). One 
can show that a covering is normal if and only if the deck transformation group 
T> acts transitively on the fibres, i.e. for all x, x' £ X with p(x) = p (x 1 ) there 
exists a unique deck transformation (ft £ V with x' = (ft{x). This is certainly 
true when X is simply connected; in this case, the deck transformation group 
T> is isomorphic to the fundamental group tti (Y, y) . 

— Let r be a group of diffcomorphisms acting on the manifold X, and let 
Tx denote the orbit of x under T. The set of all orbits is denoted by X/T, and is 
called an orbit space. The natural projection pr : X — > X/T sends each x £ X to 
its orbit, pr (x) — Tx. The topology on X/T is the quotient topology, for which 
p is continuous, and an open map. T acts properly discontinuously on X if every 
x £ X has a neighbourhood U such that the set {7 £ T \ P\U 7^ 0} is finite, 
r acts freely if no 7 7^ e has a fixed point in x. T acts properly discontinuously 
and freely if each x £ X has a neighbourhood U such that e 7^ 7 £ T implies 
jUHU = $. 
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— Given a covering p : A — > Y and a map f : V —> Y defined on some 
manifold V, a map / : V — > A is called a lift of / through p if p o f = f. 
Two maps f,g:V^Y are called homotopic if there exists a continuous map 
G : I x V — > Y, (t,v) h- » Gt (v), such that Go = / and Gi = g. G is called a 
homotopy of / and g. 

— We now quote without proof a couple of theorems from j(| which we will 
make us of frequently. These theorems are actually proven in every textbook 
on Algebraic Topology. 

Theorem: If T acts properly discontinuously and freely on the connected 
manifold X, the natural projection pr : X — > X/T onto the orbit space is a 
covering map, and the covering is normal. Furthermore, the deck transformation 
group T> of this covering is T. 

As a converse, we have 

Theorem: If p : X — » Y is a covering and T> is the group of deck trans- 
formations, then T> acts properly discontinuously and freely on X. — If A is 
a simply connected manifold, every covering p : X — > Y is a natural projection 
pr : X — > A/r for some discrete group T of diffeomorphisms acting properly 
discontinuously and freely on A. 

As a consequence, we have 

Corollary: Let Y be a connected manifold. Then Y is diffeomorphic to 
an orbit space A/r, where A is a simply connected covering manifold A, and 
r is a group of diffeomorphisms acting properly discontinuously and freely on 
X. In this case, V = T> coincides with the deck transformation group of the 
covering. 

— Existence and uniqueness of lifts are determined by the following lifting 
theorems: 

Theorem ("Unique Lifting Theorem"): Let p : X — > Y be a covering 
of manifolds. If V is a connected manifold, / : V — > Y is continuous, and g\ 
and gi are lifts of / through p that coincide in one point, g\ (v) = gi (v), then 
,9i = .92- 

Theorem ("Covering Homotopy Theorem"): Let p : A — » Y~ be a 

covering. Let /, <? : F — » F be continuous, let / : y — -> A be a lift of /, and let 
G be a homotopy of / and g. Then there is a unique pair ^G, 5^ , where g is a 
lift of g, G is a lift of G, and G is a homotopy of / and g. 

Theorem ("Lifting Map Theorem"): Let p : A — > V be a covering, 
let be a connected manifold, let / : V — > Y be continuous. Let a; e A, y G Y, 
u G Y such that p(x) = y = f (v). Then / has a lift / : V — > A with f (v) — x 
if and only if /#7Ti (Y, w) C p#7Ti (A, x), where /# denotes the homomorphism 
of fundamental groups induced by /. 
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3 Covering spaces and differential forms 



Let p : X — > Y be a covering of smooth manifolds. In this case the covering 
projection p is a local diffeomorphism. In this section we examine the relation 
between differential forms on X and Y which are related by pull-back through 
the covering map p, and where X is simply connected. The results will be 
needed to formulate the concept of local moment maps on non-simply connected 
symplectic manifolds in section 

3.1 Differential forms on X and Y 

First consider a smooth q-form lj on Y . The pull-back Q = p*u> is a q-form on X , 
and f2 is invariant under the deck transformation group of the covering: For, let 
7 6 P, then 7*f2 = (p o 7)* w = O. Conversely, let f2 be a q-form on X. Then, 
locally, can be pulled back to Y to give a multi-valued q-form on Y, since the 
covering map p is a local diffeomorphism: To see this, let V be an admissible 
neighbourhood of a point y € Y, such that the inverse image p _1 (V) is a disjoint 
union of neighbourhoods £7, in X. On each C/j, the restriction p| E/j : £/* — > Y 
is a diffeomorphism, so that we can pull back Q\ Ui 1— > (f>| E/j) - * f2 on Y. This 
gives a multi-valued q-form on Y, each branch being labelled by some i. We 
ask under which condition all branches coincide. If this happens to be, we have 
(p\ Ui)^ 1 * il — (p\ Uj)^ 1 * fl for all i,j labelling different neighbourhoods Ui, Uj\ 
but this means that 



For a general covering we can proceed no further, since there need not exist a 
deck transformation mapping the neighbourhoods Ui and Uj into each other. 
Such a deck transformation exists, however, if X is simply connected. If Xi S 
Ui and Xj £ Uj such that p(xj) = p{xi) = y, then there is a unique deck 
transformation 7 with Xj = 7 (xi). On the other hand, the map on the LHS of 



and maps Xj to x%; hence it coincides with the restriction (7 | Uj,Ui). This 
argument can be performed for any neighbourhood U of some point x G X\ 
in turn, this implies that 7*f2 = Q. The fact that T> now acts transitively 
on the fibres of the covering means that this relation must hold for all deck 
transformations 7 G T>. 

As a consequence, if a q-form Q on X is invariant under T>, then there is a 
uniquely determined q-form lj on Y such that Q — p*uj; for, uj is defined by map- 
ping any vector W G T y Y to (p; c)„ W, where pi oc denotes the restriction of p 
to one of the connected components of the inverse image of an admissible neigh- 
bourhood of y in Y, and subsequently performing the pairing (f2, (pj c)* W). 
Because of the X>-invariance of fi, it does not matter which connected compo- 
nent we choose, and hence this construction is well-defined. 



{p\ u^- 1 o ( P \ (n\Ui) = (n\Uj) 



(i) 



(0) satisfies 



(p\Ui)o (p\Ui) l o(p\Uj) =(p\Uj) 



(2) 



G 



Altogether, we have shown 



3.2 Proposition 

Let p : X — > Y be a covering of connected manifolds, where X is simply con- 
nected. Then a smooth g-form £1 on X is the pull-back of a g-form a; on V, 
£1 = if and only if ~f*fl — £1 for all 7 e 2?. 

We now discuss the closure and exactness of forms on X and Y that are 
related by the covering map according toil = p*to. Since closure of a differential 
form is a local property, £1 is closed if and only if cu is closed. For if du) = 0, 
then dp*to = p*duj = 0; and conversely, if V is an admissible neighbourhood in 
Y, d(u\V)=d {p\Ui)~ n = 0, if <20 = 0; here Ui is any neighbourhood in 
X that projects down to V. This result is actually independent of whether X is 
simply connected or not, and makes use only of the existence of a form £1 such 
that £1 = p*uj. 

Now we examine exactness. Trivially, if the form to on Y is exact, then Q 
is exact, since then £1 = p*da = d(p*a). The converse is not true in general, 
however. For assume that £1 = dr\ for a (q — l)-form 77 on X. Assuming that 



£1 = p*uj, proposition 3.2 says that d (7*77 — 77) = 0. Thus 7*7/ — 77 is closed, and 
since X is simply connected, it is also exact. This means that there exists a 
(q — 2)-form x (7) on X such that 

7*77 = 77 + d X (7) ■ (3) 



Now unless d\ = 0, we see from proposition |3.2| that 77 cannot be the pull- 
back of a (q — l)-form on Y under p, as this requires 77 to be 2?-invariant. Thus, 
although il is exact, to need not be exact; it is closed, however, and hence defines 
an element [cj] e H q deRham (Y). 

The content of the last two paragraphs can be cast into a convenient form 
by introducing V '-invariant cohomology classes of forms on X: 

3.3 Definition 

Let A^j (X) denote the subspace of all ©-invariant g-forms on X, i.e. 7*0 = £1 
for all 7 € D. Let Z\ >1 (X) denote the class of all elements Jl in A^j (X) which 
are closed under d, dQ, = 0. Let B^j (X) denote the class of forms SI in tS DI (X) 
which are exact under d, i.e. there exists a 77 6 A^ 1 (X) such that £1 = dr\. Now 
define the g-th D-invariant cohomology group H^j (X) on X as the quotient 

H^ I {X) = Zl I {X)/Bl I {X) . (4) 

Formula d) shows that B q VI (X) C Z q VI (X) in general, and so dim H^j (X) can 
be non- vanishing although X has trivial de Rham cohomology groups. This is 



expressed in the next proposition, which is a consequence of proposition 3.2 and 
the discussion in the last paragraph: 
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3.4 Proposition 



Assume that X is simply connected. Then the pull-back p*K q (Y) of the space 
of q-forms A q (Y) on Y by the covering map p coincides with the subspace of 
all ©-invariant q- forms A^ (X) on X, and p* is a group isomorphism onto 
Af, z (X). Furthermore, Z^ T (X) = p*Z q (Y) and B q VI {X) = p*B q (Y), and 
therefore 



dim H^j (X) 



dim 



p*Z q (Y) 
p*B q (Y) 



dim 



Z q (Y) 
Bi{Y) 



dim H q (Y) > (5) 



in general. 

There is a cohomological description of formula (^) in terms of special 
A* (A)-valued cochains, where A* (X) denotes the ring of differential forms on 
X; the associated cohomology is defined and described in the appendix, section 
[b]. For the work pursued here the general case has no immediate application, 
but the case when X is simply connected and the forms involved are 1-forms is 
important. To start, let a be a closed 1-form on Y; then p*a is closed on X, 
hence exact, since X is simply connected. Thus there exist s a s mooth function 
F : X — > M with dF — p*a. The discussion in proposition 3^2 has shown that 
dF is ©-invariant; therefore, d {^*F — F) = 0, or 



F07- f = 0(7) e 



(G) 



is a real constant on X, depending only on 7. In particular, c (7) o 7' = c (7), 
and it follows that 



hence c : V 
have proven 



c ( 77 ') = F o ( 77 ') - f = [F + c (7)] o 7 ' - f = c ( 7 ) + c (7') ; (7) 
R, 7 ^ c (7) is a real 1-dimensional representation of V. We 



3.5 Proposition 

Let p : X — > Y be a covering of smooth manifolds, where X is simply connected. 
Let a be a closed 1-form on Y . Then the pull-back p*a is an exact 7-invariant 1- 
form on X, with p*a = dF, where F £ T (X) is a smooth function on X. Under 
©-transformations, F is invariant up to a real 1-dimensional ©-representation 
c : © -> M, i.e. 

Fo 7 = F + c( 7 ) . (8) 



Now we see how the function F gives rise to multi-valued locally defined 
functions / 7 on Y, which represent local potentials, i.e. 0-forms, for the closed 
1-form a: Given an admissible open neighbourhood V C Y, choose a connected 
component U C X of p~ 1 (V); then p\ U is a diffeomorphism onto U, and every 
other connected component in p~ x (V) is obtained as the image of U under a 
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deck transformation 7. Since the sets jU, 7 € T>, are disjoint, this determines 
a collection (/ 7 ) of local potentials for a on V, each / 7 being defined as 

/ 7 =Fo(p| 7 C/)- 1 . (9) 

By construction, we have d/ 7 = a for every 7 G P. Furthermore, since (p 7?/) o 
7 = p| Z7", it follows that 



/ 7 = F o [7 o *j = [F o 7] o ( p | I/) 1 = [F + c ( 7 )]o(p|[/) 1 = / e + c( 7 ) 

(10) 

where we have used (||). 

We now prove the important result, that c (7) can be expressed as an inte- 
gral of a over certain 1-cycles or loops in Y: To this end we recall that the deck 
transformation group T> acts properly discontinuously and freely on the simply 
connected covering manifold X, and that Y is the orbit space X/T>. Further- 
more, if x, y are base points of X, Y, with p (x) — y, then the fundamental group 
tti (Y, y) of Y at y is isomorphic to T>. This isomorphism is defined as follows: 
If 7 G ~D, let A be an arbitrary path in X connecting the base point x with its 
image 7 (x); then A projects into a loop p o A at y, whose associated homotopy 
class [p o A] represents 7 G 7Ti ( Y, y) . Any other choice A' of path is homotopic 
to A due to X being simply connected, hence the loops [p o A] and [p o A'] both 
represent the same homotopy class. Conversely, given a loop / at y representing 
7, there exists a unique lift I of I through p with initial point i Ep^ 1 (y) (as 
follows from theorem |^); this means that pol = Z, and I (1) = 7 (x). Now we 
can prove 

3.6 Theorem 

Let y G Y be the base point of Y, let I be a loop at y with [I] = 7 g m (Y, y) ~ 2?. 
Then 

c( 7 )= / a • (11) 



1-1 rn , / \ 1 / 1 rrs-1 



I 

The integral depends only on the homotopy class [I] of I. 
Proof : 

The lift I of I to the base point x of X satisfies I (1) = 7 (x). Since pol = 1, 
we have 



a = J a = J p a , 

l pol I 

but p*a = <iF, and since / connects ir and 7 (x), the last integral in the above 
equation is 

7(x) 

fp* a = J dF = F o ~/ (x) — F (x) = [F o j - F] (x) — c (7) , 

f 3 
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according to the definition (j|) of c(j). This proves (pi]). Any other loop I' 
homotopic to I lifts to a path V homotopic to I; hence the difference between 
the associated integrals is an integral of dF over a loop, which must vanish, as 
dF is exact. ■ 



3.7 Corollary 

Any element 7 of I? that has torsion lies in the kernel of c; in other words, if 
there is a k £ N with 7 fc = e then c (7) = 0. 

Proof : 

Insert e — -f k into c(e) = 0, which gives = c(-f k ) — k ■ c (7) due to (0). 
Since k > 0, c (7) = 0. ■ 



4 Cech cohomology and multi-valued functions 

We now want to make more precise the notion of multi-valued functions that 
serve as local potentials for closed 1-forms on the non-simply connected manifold 
Y. We want to express the local potentials, as they were defined in formula (^), 
and their mutual relations, in terms of locally defined quantities and glueing 
conditions without explicit reference to a specific covering manifold. It is clear 
that we must make up for the information that is lost by discarding the covering 
space from consideration by some additional structure on the manifold Y. It 
turns out that the necessary ingredients are 

1. ) a countable simply connected path-connected open cover V = {V a C Y | a £ A} 

of Y, i.e. a collection of countably many open sets V a C Y whose union 
gives Y, and such that every loop in V a is homotopic in Y to a constant 
loop, and all V a are path-connected. 

Since Y is a manifold, a cover of the type just described always exists. We 
note that, as every element V a G V is simply connected (in Y), it is automatically 
admissible with respect to the covering map p : X — > Y; for, assume it were 
not admissible; then the inverse image p~ l (V a ) contained a connected, hence 
path-connected, component U on which the restriction of p is not injective. In 
particular, there are points x, x' G U, x ^ x', but p{x) — p (x'). Choose a path 
A connecting x and x' in U; then this projects into a loop in V a at p(x), which 
is non-contractible in Y. This contradicts the assumption of V a being simply 
connected. — The second ingredient is 

2. ) a X>-valued 1-Cech-cocycle (g a b 6 T>), a,b £ A, on V, satisfying a certain 

condition which expresses that the class of Z?-isomorphic covering spaces 
to which it refers is simply connected (elements of Cech cohomology and 
its relation to covering spaces are explained in the appendix, sections 0, 

Si- 
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We now explain what this condition means. Let p : X ~ * Y be a universal 
covering manifold of Y with base points x £ X and y £ Y such that y — 
p (x). The deck transformation group 2? of such a covering is isomorphic to the 
fundamental group %x (Y, y), the isomorphism being defined as in the discussion 
preceding theorem [0| If [A] is any loop class in m (Y,y), let A denote the 
unique lift of A to x; then there exists a unique deck transformation 7 such 
that 7X = A (1). This deck transformation is the image of [A] under the above- 
mentioned isomorphism. The manifold Y can be considered as the orbit space 
X/V with the quotient topology. We now identify © with the fundamental 
group it 1 (Y,y), so that Y can be regarded as the orbit space X/tti (Y,y), ni 
acting via deck transformations 7 on X, and p : X — > X/V = Y is a ©-covering. 

Next, we note that, although a simply connected covering manifold X of Y 
is uniquely defined up to ©-isomorphisms, in general there are also ©-coverings 
q : Z — > Y = Z /© of Y which are not connected. This means that Y can be 
expressed as an orbit space of different, not necessarily connected, manifolds Z 
(with base point z), under an action of ©. These manifolds can be assembled 
into equivalence classes, equivalence being expressed by ©-isomorphism (see 
appendix, section ^), and a universal covering manifold X determines just one 
class in this collection. As explained in the appendix, section |eJ there is a 
bijection between these equivalence classes and the classes of cohomologous 
1-Cech-cocycles on V, in other words, the elements of H 1 (V;©); hence the 
bijection 

{©-coverings with base point} /isomorphism <-» H 1 (V; ©) . (12) 

Furthermore, a result in the theory of covering spaces (see, e.g., ||) states that 
there is a bijection between {©-coverings with base point} /isomorphism and 
the set Horn (©, ©) of homomorphisms from © = iri (Y, y) — > ©. Hence we also 
have a bijection 

ff^V;©) <-> Hom{V,V) . (13) 

We explain (LHS^RHS) of this bijection. Let the Cech cocycle (g a b) be given. 
We first show that a ©-covering Z of Y exists such that the Cech cocycle deter- 
mined by a collection (i a ) of trivializations is the given one. To this end, consider 
the topological sum of all © x V a (i.e. the underlying set is a disjoint union) and 
define the relation (d, y) ~ [d! , y') for elements (d, y) S © x V a , (d 1 , y') £ © x Vb 
to be true if and only if (d',y') = (d ■ g a b,y); then properties (Transl-Trans3) 
in the appendix, section [e], guarantee that " ~ " is an equivalence relation. 
Now define Z to be the quotient Z = U a( zAD x V a / ~, endowed with the final 
topology (quotient topology). It is easy to see that Z is a ©-covering of Y, 
i.e. Y = Z/T>. The set of maps (i a ) that send elements (d, y) £ © x V a to the 
equivalence classes i a (d, y) to which they belong provides the natural collection 
of trivializations for this ©-space; it follows that i^ 1 o i a (d,y) — (d ■ g a b,y), 
so that the associated Cech cocycle is the one we have started with. Choose 
base points z £ Z, y = q (z). Now observe that the group © ~ 7Ti (Y, y) enters 
this construction in two different ways: Firstly, the elements of © locally label 



11 



the different sheets of the covering in a trivialization. Secondly, V is the set of 
homotopy classes of loops at y on the base manifold Y. We now construct a 
homomorphism p from T> as the set of homotopic loops to T> as the labelling 
space for the sheets of the covering: Choose a homotopy class [7], where 7 is 
a loop at the base point y 6 Y. The unit interval [0, 1] can be divided H into 
= to < t% < ■ ■ ■ < t n = 1 such that the image of each interval [U-%, U] lies in 
the open set V a ^) . Then every point 7 (ti) lies in V a u) (~l V a (i + i) ; on this domain, 
the cocycle g a (i) a (i+i) is constant. We lift the loop 7 to a curve 7 starting at 
the base point z in Z. If i a( - ) (d,y) = z = 7 (0), then we find that 



'a(O) 



7(1) = (d • 9a(0)a(l) 9a(n)a(0),y) = {d- P[j},y) , (14) 



which defines an element p [7] = g a (o)a(i) fla(n)a(o) G 2?- It can be shown 
that this is independent of the representative 7 of the homotopy class [7], and 
furthermore, that the assignment [7] hh» p [7] is a homomorphism. 

Thus, £>-coverings of Y, or equivalently, Cech cocycles on V, are charac- 
terized by, and in turn characterize, homomorphisms T> — > T>. Cohomologous 
cocycles g' ab = h~ l g a bhb give rise to homomorphisms p, p' that differ by conju- 
gation, i.e. an inner automorphism of V, p' [7] = ■ p [7] • /i a (o) ■ For example, 
the homomorphism T> — > T> is the trivial one, i.e. [7] 1— > e G P for all elements 
[7] in 2?, if and only if the associated 2?-covering of Y is (isomorphic to) the 
trivial #£>-sheeted covering T> x Y — > Y of Y, 2? acting on 2? x Y by left multi- 
plication on the first factor. On the other hand, we now show that the class of 
X>-isomorphic simply connected D-coverings p : X — > Y = is characterized 
by homomorphisms p which are inner automorphisms of P: To see this, we 
first examine the simply connected covering space X consisting of all homotopy 
classes [7] of curves 7 in Y with initial point 7 (0) = y, where y is the base 
point of Y. Choose trivializations i a on T> x V a so that the image i~ x [c] of the 
constant loop c at y is represented by ([c] ,y) for all a for which y G V a . Then 
an arbitrary loop class [7] G iri (Y,y) is represented by [7] = i a ([7] , y) G X\ 
but this element is just the endpoint 7(1) of the lift 7 of 7 to [c] G p^ 1 (y), 
which implies by formula (|lj) that p [7] = [7] . Since this holds for all [7] , we 
have p = id\ T> in this case. Now, if p' : X' —* Y is another simply connected 
covering, we have seen above that the associated cocycles are cohomologous, 
hence the associated 2?-homomorphisms differ by an inner automorphism; but 
since p is the identity, this means that every homomorphism p' : V — > V must 
be an inner automorphism of T>. 

The developments of the last paragraph together with the content of theo- 



rems 3.5 and 3.6 are summarized in 



4.1 Theorem: Multi- valued potentials 

Let a be a closed 1-form on the smooth manifold Y with base point y. Let 

V = {V a I a G A} be a simply connected path-connected open cover of Y. Let 

V = m (Y,y). Then 



12 



(A) for every V- valued 1-Cech-cocycle (g a b), a, b E A, on V whose associated 
homomorphism p : V — > V is an inner automorphism of 2?, i.e. p (d') = 
d ■ d! ■ d -1 for some fixed d E V, there exists a collection of functions 
fa.d ■ V a — > R for a G A, d G D, such that 

1- /o,d is a local potential for a, i.e. d/ a ^ = a on V a , for all a G A 
and d € V; 

2. let A be a loop at y with [A] = d G 7Ti (V, y) ~ P. Then 

/m = /o,e + y « , (15) 

A 

where e is the identity in V. 

3. the / 0)( j satisfy a glueing condition, expressed by 

fa.d = fb,d-9ab ( 16 ) 

on V a nV b ^ 0. 

(B) Let (g' ab ) be a cocycle cohomologous to (g a b), and let (^.f' ac ij be a col- 
lection of functions on V satisfying properties (A1-A3) with respect to 
(g' ab ). Then there exists a real constant c and a ©-valued O-Cech cochain 
(k a ■ V a — > f) on V such that 

/o,d = /a,d-fe„ + c (17) 

for all a G A, d E T>. The 0-cochain (k a ) is determined by the cocycles 
(gab) and (5^) up to its value k ao on the open set V ao E V which contains 
the base point y; on V ao , k ao can range arbitrarily in the coset ■T> center , 
where h ao is the value of the Cech cochain which relates the cocycles (g a b) 
and (g' ab ) on V ao , and V center is the center of V. 

(C) Definition: A collection (g ab ; f a ,d) satisfying properties (A1-A3) will 
be called a multi-valued potential function for the closed 1-form a on Y. 

Proof : 

Ad (A) : Let X be the identification space i a : T> x V a — * X = |J V x 

K/ ~, where the relation (d, y) ~ (d', y') for (d, y) EVxV a , (d', y') E V x Vj is 
defined to be true if and only if (d', y') = (d • <? a {,, y), in which case these elements 
are identified according to i a (d, y) = (d',y'). Then A is a covering space of 
y, and y is the space of orbits on X under the action of V on X according 
to (d! , (d, y)) i — ^ (d' • d, y). Since the homomorphism p : X> — > 2? associated with 
(ffah) is an inner automorphims by assumption, it follows from the discussion at 
the beginning of this section that X is simply connected. Since Y is a smooth 
manifold, A is a smooth manifold. Let p : X — > Y be the projection, which is a 
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local diffeomorphism. Then p*a is a closed, hence exact, 1-form on A, and has 
a potential F with dF = p*a. The identification maps i a : T> X V a — ► (K) 
are the natural trivializations for this covering. If we write i Q (d, y) = i a ^ (y), 
then i a .d is the inverse of the restriction p\ i a ({d} x V a ). Now define / a> d (y) = 
F o i a (d,y) for y e V4. By construction, df a .d = i* ^df, and since dF = 
[p\ i a ({d} x V a )\* a, it follows that df a ,d — a on V a . Furthermore, if also y E Vb, 
then F o i a (d, y) = (F o i b ) o (i^ 1 o i a ) (d, y) = (F o i b ) (d • 5 Qb , y) = / M - 9a (, (y). 



Formula (|15|) is a consequence of theorems and 3.6. This proves (A). 



Ad (B) : From the cocycles (g a b), (g' a b)' construct coverings p : A — » Y, 
q : Z — > Y as in the proof of (A), with trivializations i a : T> x V a X, 
j a : T> x V a — > Z. Then both A and Z are smooth, simply connected manifolds. 
The glueing condition f a c i = fb,d-g ab for (fa,d) implies that there exists a smooth 
function F on X such that F o i a>cl = f a j. For, we have f a ^ d (y) = fb,d> (V) 
whenever i a {d, y) = ib {d! , y'); the universal property of the identification space 
[frl i a : T> X V a —y X guarantees the existence of a smooth F with the desired 
property. A similar function F 1 with /' o j a j = f d exists on Z. Since X 
and Z are Z?-isomorphic, there exists a diffeomorphism (j> : Z — » A preserving 
fibres, i.e. p o <f> — q 1 and being 2?-equivariant, i.e. <p{d ■ z) — d ■ <j) (z). In the 
trivializations employed above we have 

ia 1 °<P° Ja(d,y) = (d- k a ,y) , (18) 

where the collection (k a : 14 — ► P) defines a O-Cech cochain on V. 

Since d (F o cj>) = cjfdF = <fi*p*a — q*a, we see that both F o (j> and F' are 
potentials for q*a on Z; since Z is simply connected, it follows that F' = Fotfi+c 
with cel. Then 

f' a ,d (v) = F '°3a (d, y) = Fo((j) o j a ) (d, y)+c = (F o i a ) (d ■ k a ,y)+c = f a ,d-k a (j/)+c 

where we have used (fL8|) ; thus ( P^l) follows. 

Furthermore, assume that D V& ^ 0, then the analogue of ( O ) on 14 reads 
4 1 ° <P ° 3b (d ■ g' ab , y) = {d- g' ab ■ k b , y), which implies 

(h 1 ° ia) ° (ia 1 ° ° Ja) ° (ia 1 ° 3b) (d • ffa 6 , V) = (d ■ g' ab ■ k b , y) , 
from which it follows that 

9a6 -h = k a - g ab . (19) 

This formula says that the cochain (k a ) is not arbitrary, but is completely 
determined by the cocycles (g a b) and (<?„(,), once a choice has been made for the 
value of k a on one selected V a (e.g. the V ao which contains the base point y of 
Y). This follows from path-connectedness of Y; for, if V an is any open set in V, 
there exist finite sequences g' aoai , g' an _ ia „, and g aoai , ■ ■ • , 5a„_ ia „ so that 

= 5a„_ia„ ' ' ' ffa ai ' ^ao ' 5a ai ' ' ' 9n„-ia„ 

Since the selected k ao is constant on 14 , a choice of k ao is just a choice of an 
element of T>. Furthermore, if I is any loop in Y at the base point y representing 
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the element 5 € T>, then from (Q) we see that the associated series (g ai a i+1 ) 

and (<4a l+1 ) represent p [I] = g a(0)a(1) • • • g a{n)a{0) , p' [I] = 5 a(0)a(1) • • ■ g' a[n)a(0 y 
respectively. Thus, we must have 

k a = P [l}^ 1 ■ k ao ■ p[l] 

for all homotopy classes [I] G tti (Y, y) = V. However, as T> acts transitively on 
each fibre of the covering p : X — > Y, it follows that the elements p' [I], p [I] take 
any value in V, as [Z] ranges in T>. Using p' [I] = h" 1 ■ p [I] ■ h ao it follows that 

k a = ■ P ■ h a -k ao - P [I], Or 

& ' (^Oo^ao) = (haokao) ' ^ 

for all S G P. But this implies that h ao k ao must lie in the center of T>, which 
is a normal subgroup of V. Therefore k ao can range in the coset ■ V center . 
Hence the collection (f a ,d) is determined up to a real constant and an arbitrary 
element in ■ V center . ■ 

In the sequel we apply the covering techniques discussed so far to coverings 
of symplectic manifolds. We first present our notational conventions: 



5 Notation and conventions for symplectic man- 
ifolds 

Sections |-| are based on §, §, 0. 

— We recall that a symplectic form w on a manifold M is a closed, non- 
degenerate 2-form on M. In this case, the pair (M, ui) is called a symplectic 
manifold. 

— By T (M) we denote the set of all smooth functions / : M — > R. On a 
symplectic manifold we can make T (M) into a real Lie algebra using Poisson 
brackets. 

— By x {M) we denote the set of all smooth vector fields on M. 

— If G is a Lie group, we will frequently denote its Lie algebra by g, and 
the coalgebra, i.e. the space dual to g, by g* . 

— Given an action </> : G x M — * M of a Lie group G on a manifold M, we 

will frequently denote the components of its tangent map 0* by 0* = ^Jg, J^f) ■ 

If A e g, the induced vector field on M will be denoted by §^A or A. 

— Interior multiplication of a vector V with a g-form u> will be denoted by 

V h LU. 

— A diffeomorphism / : M — > M on a symplectic manifold (M, w) is called 
canonical transformation, if f*ui = uj. An action <fr : G x M — > M of a Lie group 
G on M is called symplectic if every (f> g is a canonical transformation. 

— / generally denotes the closed interval / = [0, 1] C R. 
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6 Hamiltonian and locally Hamiltonian vector 
fields 



On a symplectic manifold, the symplectic form ui provides a non-natural iso- 
morphism between tangent spaces T X M and cotangent spaces T*M at every 
point x £ M, since u> is non-degenerate. In particular, for every / £ T (M) 
there exists a unique vector field pf € x {M) such that 

pf\-cj + df = . (20) 

This gives us a well-defined map p : T (M) — * A vector field V S 

X (M) which is the image of a function / S T (M) under p, V = pf, is called 
Hamiltonian. The set of all (smooth) Hamiltonian vector fields on M is denoted 
by \h (M), and is a real vector space. 

On the other hand, the set xlh (M) of vector fields V on M which satisfy 

C v u = , (21) 

where Ly denotes a Lie derivative, is called the set of locally Hamiltonian vector 
fields. This means that on every simply connected open neighbourhood U C M , 
the 1-form V h u> is exact, hence there exists a smooth function / 6 T (U) such 
that 



Vhuj + df = onU . (22) 



As (22) holds in a neighbourhood of every point, we refer to V as a locally 
Hamiltonian vector field. The functions / S T (U) need not be globally defined. 
If M is simply connected, then every locally Hamiltonian vector field is Hamil- 
tonian, and Xlh (M) = xh (M). This will not be true for the manifolds we are 
interested in in this work. 



7 Cotangent bundles 

In this section we compile some standard facts about cotangent bundles we shall 
use throughout this paper. This material is discussed in standard textbooks on 
Symplectic Geometry (e.g. ||), Mechanics (e.g. ||), Differential Geometry (e.g. 
[|0)), and Algebraic Topology (e.g. 0). 

- On the cotangent bundle T*M of a manifold M we have a projection 
r : T*M — * M, and a natural symplectic 2-form being given as the differential 
uj = d6 of the canonical 1-form H, |l(J 9 on T*M, which is defined as follows: 
For V £ T (m , p) T*M, the action of on V is defined by (0, V) (m,p) = (p, r*V). 

— The homotopy groups of T*M are determined by those of M; in fact we 
have 

tt„ (T*M) ~ tt„ (M) (23) 
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for all n > 0. This follows from the exact homotopy sequence for fibrations (see 
any textbook on Algebraic Topology e.g. [jO]), 

• • • ^ 7T n+1 (B) -?-> 7T„ (F) 7T„ (£) ^> 7T n (S) -» • • • , (24) 

where E — — » £? is a fibration with standard fibre i* 1 . For a vector bundle with 
F ~ R fe , the homotopy groups 7r n (R fc ) are trivial, hence 

-» 7T„ (£) ^ 7T„ (B) -» 

is an exact sequence, which says that p# is an isomorphism in this case. As a 
consequence, (|||) follows. 

A diffeomorphism / : M — ► M can be extended to a diffeomorphism */ : 
T*M -> T*M as follows §: For (m,p) G T*M, let 

(7)(m,p)= (/(m)^/" 1 )*?) . (25) 

*/ is fibre-preserving and hence a bundle map. Given two diffeomorphisms /, g 
we find 



*(/<?) = (7) (*<?) ■ (26) 

From definition (|2^) it follows immediately that every */ preserves the canonical 
1-form 8, 

(*f)*9 = 6 . (27) 



8 Coverings of cotangent bundles 

In this section we start with symplectic manifolds (T*Y, d6) which are the cotan- 
gent bundles T*Y of non-simply connected configuration spaces Y, and are 
endowed with the natural symplectic 2-form d6 which is associated with the 
canonical 1-form 9 on the cotangent bundle. Then we extend a simply con- 
nected covering manifold X of Y to a covering manifold T*X of T*Y and show 
how the projection map p : X — > Y can be extended to give a local symplecto- 
morphism between T* X and T*Y which is also a covering map. 

8.1 Covering spaces and their cotangent bundles 

Let p : X — > Y be a covering of manifolds. Let 0, 9 denote the canonical 1-forms 
on the cotangent bundles T*X, T*Y, respectively (see section [?]). The bundle 
projections are written as a : T*X — » X and t : T*Y —* Y; the canonical 
symplectic 2-forms on T*X, T*Y are f2 = d<d, u> = d9, respectively. 

Central to our developments is the observation that we can extend the projec- 
tion p to a covering map of cotangent bundles; for all coverings it is understood 
that they are smooth: 
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8.2 Theorem 



Let p : X — > Y be a covering. Then p can be extended to a bundle map 
*p : T*X -> T*Y~ such that > : T*X -> T*y is a covering. 

Proof : 

We first have to show that a well-defined extension *p exists. To this end, 
let V C Y be an admissible open neighbourhood in Y, and let U C X denote a 
connected component of p _1 (V). On every U, the restriction p\U : U — » V is 
a diffeomorphism, hence its extension 

*(p|C/) = (jp|C/, [p| t/]" 1 *) (28) 

is well-defined. The collection of all U, being the collection of all inverse images 
of admissible open neighbourhoods V in Y forms an open cover of X. On the 
intersection of any two of the U, U', the locally defined maps (^8|) coincide. Now 
define *p to be the uniquely determined function on T*X whose restriction to 
any of the U coincides with * (p\ U). 

From this it follows that *p is well-defined, and is smooth, provided p is 
smooth. Its local form ( |28| ) shows that *p preserves fibres and hence is a bundle 

map. If V is any admissible neighbourhood in Y, then (J T*Y is a neighbour- 

v ev 

hood in T*Y whose inverse image under *p is a disjoint union of neighbourhoods 
in T* X . This says that *p is a covering map. I 

As a consequence of the last theorem, we can pull back g-forms u> on T*Y 
to g-forms u> on T*X via *p. Hence the pull-back (*p)* 9 is well-defined. 
The next theorem explains the relation between this pull-back and the canonical 
symplectic potential 6 on T*I. To this end we note that 

8.3 Lemma 

t o O) =poa . (29) 

Proof : 

This follows from the definition (*p) (x, a) — (p (x) , (p\ U) 1 * aj for (x, a) € 
T*X. m 



8.4 Theorem 

The pull-back of the canonical 1-form 9 on Y under *p coincides with the canon- 
ical 1-form O on X, 



(*p)*6 = Q . (30) 
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Proof : 

Let (x, a) £ T*X, let V <E T {x , a) T*X. Then (*p) (x, a) = (p (x) , (p| U)" 1 * aj , 
where U is a neighbourhood of x in X on which the restriction of p is injec- 
tive. Now if (*p)* V is paired with 9 at the point (*p) (x, a) G T*Y, we ob- 
tain (9, (*p) t V) = ^(p| Uy 1 * a,r* (*p)^ V^; however, from ([29]) we have that 
T * — P* cr * 1 and hence 

((p| t/)- 1 * a, r. (*p), F) = (a, a,F> = (6, 7) , 

by the definition of 0; this proves the theorem. ■ 

There is an immediate important consequence: 

8.5 Corollary 

The canonical symplectic 2-form d<3 on T*X is the pull-back of the canonical 
symplectic 2-form d6 on T*Y under *p, and hence the map *p : T*X — > T*F is 
a local symplectomorphism. 

Proof : 

This follows from d6 = d (*p) = (*p) d6». ■ 

Hence we can relate, and locally identify, the dynamics taking place on T*Y 
to an associated dynamical system on the symplectic covering manifold T*X; 
this is one of the major statements of this work. As was shown in (S), the 
homotopy groups of a cotangent bundle are isomorphic to those of its base 
space. In particular, if X is simply connected, the fundamental groups obey the 
relations 

w 1 (T*X)=ir 1 (X) = , 7Ti (T*Y) = 7ri (Y) = T> , (31) 

and it follows that the deck transformation group T> (T*X) of the covering 
*p : T*X -> T*Y is just m (T*Y) = V. This will enable us to remove the 
multi-valuedness of a local moment map given on a cotangent space T*Y by 
constructing the local symplectomorphism *p, and then studying the associated 
dynamics on the simply connected symplectic covering space T*X, on which 
every locally Hamiltonian vector field has a globally defined charge, and hence 
every symplectic group action has a global moment map; see section |l4| for the 
details. Our next task therefore is to study how (Lie) group actions defined on 
Y (and, in turn, T*Y) can be lifted to a covering space space X (and T*X), 
in particular, when X is simply connected; this is done in sections and ^ for 
general symplectic manifolds which are not necessarily cotangent bundles. 
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9 Lift of group actions under covering maps 



In this section we prove a couple of theorems about the lifting of a left action <fr 
of a Lie group G on a manifold Y to a covering manifold X. Here we examine 
existence and uniqueness of lifts; in the next section we examine under which 
conditions the group law of G is preserved under the lift. 

Let p : X — > Y be a covering, where X, Y are connected, let V be a manifold, 
let / : V — + Y. As explained in section 0, one calls a map f : V ^ X a, lift of 
f through p, if p o / = /. For the sake of convenience, we establish a similar 
phrase for a related construction which will frequently appear in the following: 
If / : Y -> Y, we call / :I-tIa M/5 of f to X if 

pof = fop . (32) 

We enhance this condition for the case that G is a group and </> : G x Y — > Y is 
a left action of G on Y. In this case, we call a smooth map ^:CxX-*Ia 
Zi/t o/ </> to X if 

(LI) p o (f> — <f> o [ioIq x p), and 
(L2) e = id x , 

where ^> e denotes the map x i— > 4> e (x) = <fi (e, x). 

We remark that (LI) does not imply that p is G-equivariant (or a G- 
morphism). This is because G-equivariance requires X to be a G-space, i.e. 
a manifold with a smooth left action of G onrt. This in turn means that the 
lift 4> must preserve the group law of G, i.e. <j) g h — 4> g <j>h- We will see shortly 
that this is guaranteed only if G is connected. If G has several connected com- 
ponents, the lift can give rise to an extension G of the original group by the 



deck transformation group T>\ this is described in theorem 10.2. The matter of 
equivariance of the covering map p is taken up in section |ll|! 

We note that if a map <f> satisfying (LI) exists, it is determined only up to 
a deck transformation 7; for if we define <f>' = <j> (ido x 7), $ also satisfies (LI); 
this is why we have to impose (L2) additionally. However, we show that if <j> 
exists, then it can always be assumed that it satisfies (L2): 

9.1 Proposition 

1. Let <fi : G x Y Y be & smooth left action of G on Y. If a smooth map 
(j> : G x X ^ X satisfying (LI) exists, it can always be redefined so that 

4> e = id x ■ (33) 

2. Every <p g is a diffeomorphism, and the assignment (g, x) i— > 4>g l (x) is 
smooth. 



20 



Proof : 

Ad (1) : By assumption, p<j) e = <f> e p = p, hence <p e is a deck transformation 
7 of the covering. Now redefine (f> ^ <p' = <f> (idc X 7 1 )i then <fi' satisfies 
p4>' — (f> (idc x p) and (f>' e = idx ■ 

Ad (2) : The map 4> g 4> g -i : X — > A projects into p, hence is a deck trans- 
formation 7. Thus 4>g 1 = s -i o7 _1 is smooth, since 7 _1 is smooth, hence <j> g is 

a diffcomorphism. The assignment (g, x) 1— > <jfC (x) = <^ s -i °7 _1 (a;) is smooth, 
since the map G — ► G, <? 1— * <? _1 is smooth. ■ 

In the following we assume that X and F are connected manifolds, and Y 
is not simply connected. We note that 

9.2 Remark 

The fundamental group of the Lie group G coincides with the fundamental group 
of its identity component, 

vr„ (G) = tt„ (Go) . (34) 

Proof : 

This follows from the exact homotopy sequence (pi]) 

• • ■ -» 7T„ +1 (£?) 7T„ (F) 7T„ (£) -~ > 7r„ (B) ► • • • , 

for the fibration pr : G -> G/G = £>s. Put B = Ds, F = G a , E = G, 
7r„ (Ds) = to obtain @. ■ 

Now we derive a necessary and sufficient condition for the existence of a lift 
satisfying (LI, L2) in terms of the fundamental group tti (G) of G. To prove 
this, we first need a 

9.3 Lemma 

Let X, Y be topological spaces, let A x fi be a loop in A x Y at (x, y), where A 
is a loop in X at a;, and \x is a loop in y at y. Then A x fi is homotopic to a 
product of loops 

Ax/!~ {{x} x /i) * (A x {y}) , (35) 

where " ~ " means "homotopic", and " * " denotes a product of paths. 
Proof : 

We explicitly give a homotopy effecting (pHf). Define h: IxI^XxY, 
(s,t) 1— > h(s,t) — h s (t). Here s labels the loops t >—> h s (t), and £ is the loop 
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parameter. Define 



z,m(tV)) for te [0, f) . 

MM)=<{ (a(^|),m(t^)) for *G [f,l-f) • (36) 

(A(^}),tf) for 4 6 [l-f,l] . 

This is the required homotopy. I 



Now we can turn our theorem. To this end, consider a left action 4> : G x F — > 
F, and choose y 6 V hxed. By ^ we denote the map </> y : G — > F, 3 1— > 
^ (3) = <fi(g,y). 4> y induces the homomorphism cj) v # : ni (G,e) — > 7Ti (F, j/). 
Furthermore, if x G p -1 (y) is any point in the fibre over y, then p induces a 
map p# : 7i"i (X, x) — > tti (F, y). We now can state: 



9.4 Theorem 

Let x 6 A arbitrary, let y — p(x). Let G be connected. Then the action 
cf> : G x Y — » F possesses a unique lift ^>:GxX^I satisfying (LI, L2) if and 
only if 

c/)y# tti (G, e) C p # tti (A, x) . (37) 



Proof : 

Assume a lift exists. Then <j) is the unique lift of the map G x X — > F, 
(<7, x) 1— > (<7,p (x)) through p with the property <f> (e, x) = x. According to the 
"Lifting Map Theorem" | it follows that 

[<p{id G xp)] # ii! (G x X, (e,x)) C p # tti (A,x) . (38) 

Conversely, if ( |38| ) holds, then (f> (id G x p) lifts uniquely to <^> satisfying (LI, L2). 
Hence we need only show the equivalence (|37]) ( f38| ) . 

© Q : Let A be a loop in G at e. Then A x {x} is a loop in G x X 
at (e, x), hence 4 1— ► (A (4) , p (x)) = <p y o A (4) is a loop in F at y giving rise to 
the class 

4>y# [A] = [(f) {id G x p)] # [A x {x}] 6 

6 [0 (idG x p)]# ti (G x X, (e, x)) C p # tti (X, x) , 

where the last inclusion follows from assumption, and hence ( |37| ) follows. 

([?7|) =>• (p8|) : Let A x p, be a loop in G x A at (e, x). Then lemma 3.3 says 
that 

Ax/i~ ({e} x/i)*(k {x}) 

hence 

[0 (id G x p)] A x /i ~ [0 (id G x p)] ({e} x p) * [0 (id G x p)] (A x {x}) = 
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<f>(e,p[i) *<j>(X,p(x)) = [pp) * ((j)yX) 



But by assumption (37), there exists a loop p in X at x such that <f> y \ ~ pp. 
Then the last expression in the last line above becomes 

(Pfi) * (<f>y\) ~P(H*P) , 

where p * p is a loop in X at x. But this proves 

[0 («d G X P)] [Ax/i]£ _p # 7T1 {X, x) , 

where [A x p] is the homotopy class of A x p, and hence (|38|) follows. ■ 



10 Preservation of the group law 

In this section we show that a lift to a simply connected covering space is 
not unique, if G is not connected. Every lift gives rise to an extension of the 
original group G by the group T> of deck transformations of the covering. If T> 
is Abelian, all these extensions are equivalent. 

We start with theorem |9.4{ This gives a condition for the existence of a 
smooth map <f> satisfying (L1,L2) under the assumption that G is connected. 
We now temporarily relax the last condition and allow G to be a Lie group 
with several connected components. In this case we simply assume that a lift cj> 
exists. As mentioned above, the lift (f> need not preserve the group law on G, in 
which case it is not an action of G on X. In particular, this means, that the set 

I 9 G G} (39) 

of diffcomorphisms <p g : X — > X is no longer a group. Clearly, we want to know 
under which circumstances the lift is an action of some group G. We examine 
this under the assumption that G is a semidirect product G = Go Ds of 
its identity component and a discrete factor Ds, where G/Gq = Ds, as Go is 
normal in G. In this case, every element of G has a unique expression (g,n), 
where g € Go, k € Ds. The group law is 

(g,K)(g',K') = (g-a(K)g',KK') , (40) 

where a (k) : Go — » Go is an outer automorphism of Go, and a : Ds — > Aut (Go) 
is a representation of Ds in the automorphism group of Go, as a (kk') = a (k) o 
a («'), and a (e) = id. We first need a 

10.1 Lemma 

Let 7 € P, g, <?' € G. Then the maps 
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are deck transformations. 
Proof : 

This follows immediately by applying p and using (L1,L2). ■ 

Thus, for a given g 6 G, @ defines a map 

b{g):V^V , 1 ^b{g) 1 = ^ g o 1 o^- 1 , (42) 

which implies that b (g) € Aut (V) is a 2?-automorphism. b : G — > Aui (23) need 
not be a representation, however! The second expression in (Ell) defines a map 



r:GxG^p , ( M Vr(w') = v4'°V 1 • (43) 

These maps determine how the group law of G is changed under the lift </>; in 
particular (^3|) shows that T expresses the deviation of the lifted diffeomorphisms 
(j) g from forming a group isomorphic to G. This is the content of the next 

10.2 Theorem 

Let <fi : G x Y ^ Y be & smooth action of G on 7. Assume that a smooth lift 
4> satisfying (L1,L2) exists. Then 



1. the set |</> g | g G g| is no longer a group in general; instead, the lift 

provides an extension G of G by the deck transformation group T>, i.e. T> 
is normal in G, and G/T> = G. The extended group is given by the set 

G = { 7 o 4> g | 7 £ V ; g e G} . (44) 

If the elements of this set are denoted as pairs, 70^^ (jjg), then the 
group law of G is given by 

(7, <?)• (7, 9') = (7^(5)7' ■T(g,g'),gg') , (45) 

and inverses are 

(7, gV 1 = (b (gy 1 [l- 1 ■ r- 1 (g, g- 1 )} , g- 1 ) = (46) 



([6(. 9 - 1 ) 7 .r( 5 - 1 , ff )]- 1 , 5 - 1 ) 



(47) 



The group law (^5|) expresses the non-closure of the set |0 g | g S g\ 
discussed in (39), since now 



(e,g)-(e )g ') = (T(g,g'),gg') 



(48) 
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2. If H,K C G are any connected subsets of G, then the restrictions b\ H 
and r| H x K are constant. Hence both b and T descend to the quotient 
G/G = Ds, 

b: Ds->V , r : Ds x Ds -> V . (49) 



3. In particular, on the identity component Go we have b\ Go = id and 
r| Go x Go = e. Hence, for elements (7,3) E D x Go we have the group 
law 



(7,5)-(7',</) = (77W) ■ (50) 

As a consequence, the identity component Go can be regarded as a sub- 
group of the extension G, and can be identified with the set of all elements 
of the form (e, g), g E Go, so that (cf. [l8]) 

(e,g)-(e,g') = (e,gg') . (51) 

Also, (^0|) says that V and Go commute. As a consequence of all that, 
the identity component Go of G coincides (up to isomorphism) with the 
identity component of G, Go = Go, and hence we have an isomorphism of 
Lie algebras 

Lie (G) = Lie (G) = g . (52) 



Proof : 

Ad (1) : We first must verify that the set G as defined in ( |4^ ) is indeed 
a group of diffeomorphisms on X. Since <j) e = idx by (L2), we have that 
G contains e<j) e = idx- Next, if 7,7' E T> and g,g' E G, then jcjjgj'cjjgr = 
7 b (5) 7' 4' according to @; but ^ o^=T (.g, 3') o gs / by @, 
which gives 

7 o0 g o 7 'o (? <y = [7 o 6 (5) 7' o T (5, 5')] o ffg / , (53) 

where the first factor in square brackets on the RHS is an element of T>, and the 
second factor is a lifted diffeomorphism, and therefore the LHS is an element 
of the set G. Furthermore, when using the pair notation (7,3) for elements of 
G, formula (|5^) yields the group law (|45|). Finally, we must show that inverses 
exist in G; it is easy to use (^) to arrive at (|46| ) for inverses, which means that 
inverses have the form 70^ as required. Furthermore, from (^J) it follows that 
V is normal in G, and that the cosets T> ■ (7, g) obey the group law of G, since 

[V ■ (e, g)} [V ■ (e, g')] = V ■ [(e, g) (e, g')] =T> ■ (T (g, g') , gg') = V ■ (e, <?</) , 

thus G/V = G. 
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Ad (2+3) : Let 7 G T> be arbitrary, and consider the map G — » p 1 (p (x)), 
g 1— > [6 (g) 7] x, where the fibre p _1 (p (x)) is a discrete space for arbitrary fixed 
x G X. From the definition ( (42| ) and proposition |9.l| we see that this map is 
smooth; since the target space is discrete, it must therefore be constant on every 
connected subset of the domain. Since X is connected, every deck transforma- 
tion of the covering p : X — > Y is uniquely determined by its value at a single 
point x G X. Hence b(g) r y — const, for all g within a connected component of 
G. On the identity component Go, b (g) = 6(e) = idv- — A similar argument 
applies to T, since ( f43|) shows that all maps involved in the definition of V are 
smooth in all arguments. In particular, T (e, g) = T [g, e) = ep. ( |50| ) is a conse- 
quence of (Ea). 



If T> is Abelian, the map Y defined in (43) has a special significance 



10.3 Theorem 

If T> is Abelian, then r : G x G — > V defines a 2-cocycle in the Z?-valued 
cohomology on G as defined in appendix, section |f]. 

Proof : 

The proof is a standard argument: Compute (j> g 4>h j 0fe = <t>g {^>h<t>k^ using 
(H); this leads to 

6 GO r (/i, fc) + r ( ff , ftA) - r (g/j, fc) - r (<?, /i) = (<sr) ( 5 , h,k) = o , 



where we have used (112). ■ 

- Any two lifts <f> and $ must coincide on the identity component Go, by 
uniqueness. However, they may differ on the components Go • k, k G Ds, by 
deck transformations. This gives rise to different cocycles (in case that T> is 
Abelian) T and V . We now show that T and V must differ by a coboundary: 



10.4 Theorem 

Let the deck transformation group V of the covering p : X — > Y be Abelian. 
Given two lifts and <fi' of the action ^ : Gx7 ^ 7 to X, with associated cocy- 
cles F and F', there exists a 1-cochain 77 G G 1 (G, 2?) in the 2?- valued cohomology 
on G as defined in Appendix, section |], such that 

r' = T + 6ri . (54) 

On the connected component Go, r/ = e. 
Proof : 
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Both (f> and <j)' project down to <\> by (LI), which implies that Yl( > ,, 
deck transformation r\ (g), hence 

<P' g = V (g) <f>g • (55) 

77 is constant on connected components, hence is trivial on Go- We have 4>' g 4>'h = 
T' (g, h) <ft' gh , and inserting ( jS5|) gives 

V (9) ■ [b (9) V (h)} ■ r (5, h) ■ 4> gh = V (g, h) ■ i] (gh) ■ 4> gh ; 

hence, on using additive notation for the group composition in 2?, 

r' ( 5) h) = r (g, h) + b(g)T] (h) -r)(gh) +r,(g) , (56) 
» , ' 

= {S V )(g,h) 



using (112) 



Thus, all the different lifts </> of the group action cf> to X give rise to the same 
cohomology class [r] £ H 2 (G, V) in the T>- valued cohomology on G, which also 
implies, that the possible group extensions G of G associated with these lifts are 



all equivalent |12 . Thus, up to equivalence, there is only one group extension 
G of G by T>, and this is basically determined by the geometry of the covering 
p : X -> Y. 

11 G-spaces and equivariant covering maps 

Although property (LI), p<j> g — (j) g p, seems to suggest that every covering map 
p is a G-morphism, this is not true in general, if G is not connected; for in this 
case, X is not a G-space, but only a G-space, as explained above. However, we 
can make p equivariant with respect to the larger group G: To this end, we first 
note that this requires X and Y to be G-spaces. This can be accomplished by 
introducing the projection pr : G — » G/T> — G and observing that Y is trivially 
a G-space by defining the action of G on Y as 

$:Gx7^F , $E^(prx id Y ) ■ (57) 

Now we must define a suitable action $ of G on X; this is accomplished by the 
assignment 

Q-.GxX^X , {{ 1 ,g),x)^^{{ 1 ,g),x)= 1 o^ g {x) . (58) 
Using the group law ( |45| ) for the case that V is Abelian we see that 

*(7,9) $ (7':9') = $ (7+fc(9)7'+r(s,g'W) = ® {l Ml' ,3') ' ( 59 ) 

i.e. $ is indeed a left action. Furthermore, under the projection p we have 
P®((lf,9),z) =pcj) g {x) =<j){g,p{x)) = <j){pr xp)((7,j),i) , 
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or 



p o l> = <p o (pr xp) = $o (id,Q x p) . (60) 

But this equation now says that the covering projection p is a G-morphism with 
respect to the group G, where X and Y are now regarded as G-spaces. Let us 
summarize: 



11.1 Theorem: Equivariance of the covering map 

Define actions $ of the extended group G on Y, X according to formulas (|57|), 
(p8[). With this definition, X and Y become G-spaces, and the covering map 
p : X — > Y is G-equi variant (a G-morphism). 

- We now discuss a situation in which a lift (f> as introduced in section 
[5] always exists. A glance at formula (^) in section 3.4 shows that the lift 



exists if the fundamental groups of both G and X are trivial. Now we perform 
the following construction: We assume that G is connected and X is simply 
connected. If G acts on Y via </>, then so does the universal simply connected 
covering group GG of G; just let pro : GG — ► G be the natural projection 
(which is a homomorphism) , then ccf> : GG x Y — » Y, c<fi = <\> (pro x idy) defines 
a smooth left action of GG on Y. Therefore, in this case there always exists 
a lift ccj) : GG x X — > X of c(j> to X satisfying (L1,L2). Since G is connected, 
formula ( |5l| ) in theorem 10.2 tells us that the lift preserves the group law of 



GG, and hence c<p is an action of GG on X. Thus, 



11.2 Theorem 

Let p : X — > Y be a covering, where X is simply connected. Let the connected 
Lie group G act on Y via 4>, and let GG denote the universal covering group 
of G with projection homomorphism pro : GG — > G. Then cip = 4> {pro x idy) 
defines an action of GG on Y, and there exists a lift c<j> : CG x X — > X such 
that c</> preserves the group law on GG, 

C0gh = C0 g O C0 h . (61) 

Thus, the projection map p is a GG-morphism of GG-spaces, 

P O C(pg = Ctfig O p , (62) 

for ff e GG. 

- A consequence of the developments in this section is this: Assume that 
p : X — > y is a smooth covering of manifolds, where Y is a symplectic manifold 
with symplectic 2-form ui. Since p is a local diffeomorphism, the 2- form f2 = p*lu 
is closed and non-degenerate, and hence is a valid symplectic 2-form on X . Now 
assume that a connected Lie group G acts on Y via $ : G x Y — * Y such that 
all diffcomorphisms $ g are canonical transformations, <&*u; = u. Assume that 
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a lift $ to A exists; as G is connected, the group law is then preserved. Since 
the lift obeys p o $ g = $ g o p, it follows that <&*p*uj = p*$*uj, or $*f2 = fi; 
hence all diffeomorphisms $ 9 are canonical transformations on the symplectic 
covering manifold A. In summary, 



11.3 Theorem 

Let p : X — > y be a covering of smooth manifolds, where Y is a symplectic 
manifold with symplectic 2-form u>. Assume the connected Lie group G acts 
via 4> on Y from the left, such that all $ g are canonical transformations with 
respect to ui. Assume a lift <3? to X exists. Then all diffeomorphisms $ g are 
canonical transformations with respect to the symplectic 2-form = p*uu on X. 

- Finally, we wish to study the following problem: Given a non-simply 
connected manifold Y, thought of as the "configuration space" of a dynamical 
system (or rather, a class of dynamical systems), and the left action <j> : G X 
Y — > Y of a (Lie) group G on Y; if a lift <j> exists, we can extend it to a map 
*<j> : G x T*X -> T*X on the cotangent bundle of X using formula (ph. On 



the other hand, from the discussion in section 8.2 we know that T*X is itself a 
covering space of T*Y, and *p as defined in equation (|2^) is the covering map. 
Hence we can extend the action <f> first to an action *<f> on the cotangent bundle 
T*Y, and then ask whether a lift *<j) of *cf> to T*X exists, and if yes, whether it 
coincides with the extension *cf> of the lift <j> of (j>. The next theorem gives the 
answer for connected G: 



11.4 Theorem 

Let G be a connected Lie group; let p : X —> Y be a covering, where X is 
connected. Let (f> : G xY — >Ybea smooth action of G on Y, which possesses a 
lift 4> : G x X -> X satisfying (LI, L2). Then (1) a lift *0 : G x T*X -> T*X of 
the extension *0 : G x T*Y — > T*F of the action to the cotangent bundle T* A 
of A exists; and (2) this lift coincides with the uniquely determined extension 
*4> : G x T*X -> T*A of the lift $ : G x X -> A of to the cotangent bundle 
T*A of A; i.e. 

^ = V , (63) 

yielding a commutative diagram. 
Proof : 

Let fli be the lift of cj> satisfying (L1,L2). Its extension to the cotangent 
bundle T* X takes the form *4> — (i, This map satisfies 

*^ e = id T , x , (64) 
and under the extended projection *p it behaves as 

*po *(/>= *4>o (id G x *p) . (65) 
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But formulas ( |64| , |65| ) are precisely the conditions (LI, L2) for a lift *cf) of the 
extended action *</> under the covering *p : T*X — > T*Y~. This means that (1) 
*cj> is a lift of *</>; and, since G and X, and hence G x T*X, are connected, this 
lift is unique as a consequence of the " Unique Lifting Theorem" and hence 
coincides with *<p. M 



12 Symplectic G-actions and moment maps 

In the following sections we generalize the usual definition of a moment map to 
a construction we call local moment map. The standard definitions found in the 
literature generally involve that a moment map is a globally defined function 
from a symplectic manifold M into the coalgebra of the Lie algebra of a Lie 
group G which acts on M symplectically (e.g. ||). Other authors (e.g. 
[||) give even more restrictions by introducing moment maps only together with 
the condition that the first and second Chevalley-Eilenberg cohomology groups 
of the Lie group G are trivial, or equivalently, that the associated Lie algebra 
cohomoloy groups Hq (g,M) and Hq (g, K) are trivial. In this work we make 
no assumptions about cohomologies on the group G, nor do we assume that 
moment maps exist globally; on the contrary, it is the purpose of this work to 
generalize moment maps to situations where the underlying symplectic manifold 
is non-simply connected, and hence in general does not admit a global moment 
map. 

Let M be a symplectic manifold with symplectic form uj. Let G be a Lie 
group, let $ : G X M — ► M be a smooth symplectic left action of G on M, i.e. 
$ (g, x) = <& g (x), with $ gg / = $g§ g >, $ e = id,M, and = uo for all g. Let g 
be the Lie algebra of G, and g* denote the coalgebra. If A 6 g, then the vector 
field induced by A on ¥ is denoted ^A = A. Since <E> preserves the symplectic 
form, the Lie derivative of uj with respect to A vanishes, hence A is a locally 
Hamiltonian vector field according to ((2^). From this it follows that the 1-form 
7$, A h uj is closed. 



13 Global moment maps 

First we assume that M is simply connected. By a standard argument, an 
K-lincar map / from a vector space g to the space of smooth closed 1-forms 
Z\ eRham (M) on M can always be lifted to an R-linear map h : g — > T {M), 
A^> Ha such that dliA = f {A): For, since M is simply connected, every closed 
1-form / (A) has a potential Ha with dliA — f (A); the assignment (A, x) i— > 
Ha (x) can be assumed to be smooth in x, but need not be smooth in A. Now 
choose an arbitrary fixed point xq S M, and replace 1%a by Ka — h,A {xq); then 
A^ Yla (x) — Ha {xq) is linear in A. 

In particular, the map g 3 A i— > §§j4 h cj G Z 1 (M) can be lifted to an 
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M.- linear map h : g — > T (M), A h-> — Iia, with 

—A ^uj + dh A = Q . (66) 

Since A i— > /i^ (a;) is linear for every fixed a; G M, /i defines a map J : M —> g* . 
(J (a;) , A) = h>A {%)■ J is called a moment map associated with the action $. 
From its definition via h we see that J is determined up to addition J i— > J + L 
of an M-constant, M-linear map L : g — ► K, with cLL = 0. 

ft as defined above is a homomorphisms of vector spaces by linearity; in 
general it is not a homomorphism of Lie algebras, however. Rather, the algebra 
of Poisson brackets can provide a central extension of the Lie algebra of the 
Hamiltonian vector fields || . 



14 Local moment maps 

Now we assume that Y is connected, but not simply connected. If y is a base 
point of Y, set T> = 7Ti (Y, y). Let V = {V a \ a £ A} be a countable simply 
connected open cover of Y as introduced in section |[ For every A £ g, ^A h ui 
is a closed 1-form on Y; hence a multi- valued potential function (IiA,a,d), d £ T>, 
exists for every Cech cocycle (g a b) associated with a simply connected cover of 



Y, according to theorem 4.1. However, here we can no longer be sure whether 
all h,A,a,d can be made linear in A simultaneously, without spoiling the glueing 
conditions hA, a ,d — h A .b,d-g ab - We therefore have to formulate the problem in 
terms of an appropriate covering space X, which we take, as in the proof of 



theorem 4.1, to be the identification space i a : T> x V a ^ X = |_|£>x V a / ~, 

where ~ relates elements (d, y) and (a", y 1 ) — (d ■ g a b, y) on T> X V a and V x V& 
that are identified as i a (d, y) = ib (d', y'). Then X is a universal covering space 
of Y, such that the projection p : X — > Y is a local diffeomorphism. Y is the 
space of orbits under the action of T> on X. If u> denotes the symplectic 2-form 
on Y, fl = p*oj is a symplectic 2-form on X . 

We must ask whether $ can be lifted to X, i.e. whether there exists a map 
$:GxI^I satisfying p o $ = $ o (i<i G x p), and = idx- Furthermore, 
one has to examine whether the group law is preserved by the lift, i.e. whether 



<& g h = &g&h- The question of existence of a lift is examined in theorem 9.4 



theorem 10.2 it i s prov en that, for connected G, the lift preserves the group law 
of G. In theorem 11.3 it is proven that, for connected G, the diffeomorphisms <& g 



are canonical transformations with respect to f2, hence $ is a symplectic action. 
In this case we have a left action $ of G on the simply connected manifold X, so 
that the results from section [l^ can be applied: There exists a lift of the M-linear 
map g A i > f§^4 h Q £ Z\ eRham (X) to an R-linear map h : g — > F(X), 
A i ► —Ha, with 

^Ahn + dh A =0 , (67) 
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and there exists a global moment map J : A — > g*, (J(x), A J = Ha (x). J is 

determined up to addition J i— » J+L of an X-constant, R-linear map L : g — ► R, 
with dl/ = 0. Now we can set h a ^ (y) = h o i a (d, y), and J a ^ (y) = J o i a (d, y) 
for y eV ai deV. Then 

(9$ 

-4h w + d(J M ,4)=0 (68) 
on V a , and for all del). The glueing condition is easily derived as 
J a ,d (y) = J° i a (d, y) = ( J o i 6 ) o (i^ 1 o i a ) (d, y) = 

= (joib}{d-g ab ,y) = Jb,dg ah {y) ■ (69) 

- Now we examine to which extent a collection ( J a .d) is determined by 
the action $ and a cocycle: Let (g a b), {g a b) t> e cocycles such that the asso- 
ciated homomorphisms p, p' are inner automorphisms of P, hence give rise 
to simply connected coverings; and let (J a ,d), {j' a dj be collections satisfying 

relations (|8 69), respectively. Then (g a b) and (g' ab ) are cohomologous. As 
above, construct smooth simply connected covering manifolds p : A — > Y, 
q : Z — > y as identification spaces; the trivializations (i a ) with respect to X 
identify i a (d,y) — i b (d ■ g ab ,y), an d the trivializations (j a ) with respect to Z 
identify j a (d, y) = jb (d ■ g' ab , y). A lift $ of $ to Z exists precisely when a lift $ 

of 4> to A exists. The glueing conditions ( |69| ) for (J a ,d)i (^J' a ,dj guarantee that 

there exist smooth functions h,A, on A, Z, obeying 

hA °i a ,d = (J a ,d,A) and h A ° ja : d = (J' ad ,A) . (70) 



These functions define global moment maps ( J, A) — Ha on Z and ( J, Aj = Ha 
on A. J satisfies the analogue of (|67j), 



<9$ 

-4hO' + * 4 = (71) 

on Z ', where fl' = q*uj. Furthermore, Z and A are U-isomorphic, the isomor- 
phism being effected by a diffeomorphism ip : Z — > A, where preserves fibres, 
p o cf) — and is C-equi variant. We examine the relation between the lifts $ 
and <£>: Define a map ip : G x Z — > 

( ff ,z)^V(3^) = <T 1 ° < J'(s,<M^)) ■ (72) 

A calculation shows that -0 satisfies go^i = $o (icfc x 9)1 an d V'e — But, 
as discussed in section fill there exists precisely one function G x Z — » Z with 
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these two properties, and this is just the lift $! Hence we deduce that ip = 
or 



<jlo$ = $o (id G x (f>) , 
which gives a commutative diagram. It follows that 

<9$ <9<l 



(73) 



(74) 



The symplectic 2-forms on X and Z are fl = p*uj and f2' = q*uj, where u> is 
the symplectic 2-form on Y. From p<fi — q we infer that 57' = 0*0, hence 4> is 
a symplectomorphism. From theorem 11.3 we know that $, <& are symplectic 
actions with respect to ft, f2'. 



If we insert @ into @ we obtain 



dG 



A 



\-n + dh A = 



(75) 



using the relation fi' = 
which, together with (fj 



a* 4 



f 57 and ([71]) we deduce 
\), yields d(j,A) — 4>*d (J, A), or 



J = J o . 



where L is a Z-constant linear map g 
@ and @ we have 



f§A h Q' 



L , (76) 
1. Using the trivializations (i a ), (ja), 



J 'a,d {V) = J° Ja,d 



J o , 



L 



° ja,d = (J ° ia^J ° {i a 1 ° <P ° Ja) (d, y) + 



L 



As in the proof of theorem [4.4 (i^ 1 o <fi o j a ) (d,y) — (d ■ k a ,y) for a O-Cech 
cochain (k a ) which is determined by the cocycles (g a b), {g' a b) U P to its value in 
a coset of the center of T> in V. Then the last equation gives 



L 



In summary, we have proven: 



14.1 Theorem and Definition: Local moment map 

Let Y be a connected, but not simply connected symplectic manifold with base 
point y, with T> = tti (Y, y), and u> is the symplectic 2-form on Y. Let <!> : 
G x y — > Y be a symplectic left action of a connected Lie group G on Y with 
respect to to. Let V = {V a \ a £ A} be a simply connected path-connected open 
cover of Y. Then 

(A) for every D- valued 1-Cech-cocycle (gab), a,b E A, on V, whose associated 
homomorphism p : T> — > 25 is an inner automorphism of T>, there exists a 
collection (J a ,d) 01 coalgebra-valued functions J a ,d : V a —* 5* for a 6 A, 
d GV, such that 
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—Ahu ) + d{J a , d ,A} = (77) 

on V a , and for all d e T>; 

2. let A be a loop at y with [A] = d G tti (Y, y) ~ P. Then 

(J a , d ,A) = (J a , e ,A)-J^A\-u (78) 

A 

for all A G g, where e is the identity in V. 

3. the J a .d satisfy a glueing condition, expressed by 

Ja,d = Jb,dg ab (79) 

on V a nV b ^ 0. 

(B) Let (g' ab ) be another cocycle giving rise to a simply connected cover of Y, 
and let (j' a be another collection of functions on V satisfying properties 
(A1-A3) with respect to (g' ab ) and the action $. Then there exists a In- 
constant linear map L : g — > M (i.e. cLL = 0) and a ©-valued 0-Cech 
cochain (k a : V a — > I?) on V such that 

= ^a,d. fe£ , + L (80) 

for all a G A, d G V. The 0-cochain (fc a ) is determined by the cocycles 
(g a b) and {g' ab ) as expressed in theorem LI. 

(C) Definition: A collection (g a b', Ja,d) satisfying properties (A1-A3) will 
be called a local moment map for the action <f> on the symplectic manifold 
(Y». 



15 Equivariance of moment maps 

Usually, moment maps are introduced in a more restricted context. For example, 
conditions are imposed from the start so as to guarantee the existence of a 
uniquely determined single-valued globally defined moment map. Furthermore, 
it is often assumed that the first and second Chevalley-Eilenberg cohomology 
groups of the group G vanish, which then provides a sufficient condition for 
the moment map to transform as a G-morphism H,|q]- Ovrr approach will be 
slightly more general. The first generalization has been made above, allowing 
for moment maps to be only locally defined. The second one is, that we do 
not want to enforce the moment maps to behave as strict G-morphisms; rather, 
the deviation from transforming equivariantly is determined by a cocycle in a 
certain cohomology on g, which in turn gives rise to a central extension of the 
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original Lie algebra g, which is interesting in its own right and also physically 
relevant. 



Let the conditions of theorem 14.1 be given. Reconstruct a simply connected 
cover p : X — > Y from V and (g a b) as in section [l4| together with trivializations 
(i a ) such that i^ 1 o i a (d, y) = (d ■ g a b, y). Assume a lift exists. Assume that 
po$ s (x) e Vb, where x = i a (d,y); then there exists a unique d' G V with 

h 1 ^9 ( x ) ~ (^'> ®9 (v))> w ^ n ^9 (v) e ^f>- Here d' is a function of d, g, and y; 
its structure can be understood from the following consideration: Let A be a path 
in G connecting e with g. Then 1 i— » $ (A (t) , y) is a path in Y" connecting y with 
4> ff (y), which has a unique lift to i a (d, y), whose endpoint is just $ s oz n (d, y), by 
the definition of the lift $. The condition $y#7ri (G, e) C 7Ti (Y, y) guarantees 
that this construction is independent of the path A. The interval [0, 1] can be 
partitioned into subintervals [dj_i, a*] so that 4> (A (t) , y) 6 V r ai for t e [a<_i,Oi], 
and \{t n ) — g. It follows that 

\l ^g{x) = {d-g aoai ---g an _ ian ^ g {y)) , (81) 

and hence d' = d ■ g ao ai ' ' ■Su„_ 1 a„ = d • ^» 0n idi V)- Since 2? is discrete, ^o„ is 
locally constant. Altogether we have shown that if po <£ ff (a;) S V&, then 

i^o^ g (x) = (d-^ b ,^ g (y)) • (82) 

— Next we recall without proof the G-transformation behaviour for global 
moment maps (see 

15.1 Theorem: G-transformation of global moment maps 



Let (M, u>) be a simply connected symplectic manifold, let $ : G x M — > M be 
a symplectic left action of the Lie group G on M. Let J be a global moment 
map for the action <f>. Then 

Jo^ g = Ad*(g)-J + a(g) , (83) 

where a : G — > y* is a 1-cocycle in the y*-valued cohomology on G as defined 
in section i.e. a £ Z 1 (G,g*). This means that 

(fo) (g, ft) = Ad* (y) -a(h)-a {gh) + a (g) = (84) 

for all g 7 h £ G. Thus, ( p3[ ) says that J transforms equivariantly under G up to 
a cocycle in the y*-valued cohomology. 

— Now we generalize this result to local moment maps. We prove: 

15.2 Theorem: G-transformation behaviour of local mo- 
ment maps 

Let Y be a connected symplectic manifold, with V = m (Y,y). Let $ : G x 
Y — > Y be a symplectic left action of a connected Lie group G on Y. Let 
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V = {V a a G A} be a simply connected open cover of Y. Let (g a b), a,b £ A, be 
a X>-valued 1-Cech-cocycle on V describing a simply connected 25-covering space 
of Y, and let the collection {J a ,d', 9ab) be the associated local moment map with 
respect to the action <3>. 

Let y & Y, and assume that po$ 9 (y) 6 Then 



^.rf-^i, °®g = Ad* (g) ■ J a ^ d + a {g) 



(85) 



where a : G — » 5* is a 1-cocycle in the g*-valued cohomology on G as defined 
in appendix, section and tpg is defined in formula ( |32|) . 

Proof : 



Let the conditions of theorem 14.1 be given, and reconstruct a simply con- 
nected cover p : X — > F from V and (<7 n i>) as in section [l4|, together with 
trivializations (i a ) such that z^ 1 oi a [d, y) = (d ■ g a b, y). Assume a lift $ s exists. 
By J we denote the global moment map on X with respect to <&. This satisfies 



Jo<S> g = Ad*{g)-J + a (g) 



according to ( p3| ) . From (|82|) it follows that 

h 1 °®g oi a (d, y) = (d- tp b , <S> g (y)) 
Using J Qirf = J o i a)d in (§9), (§71) implies 



(86) 
(87) 



J o i b 



(d, y) = Jb,d-i> b {y) 



for the LHS, and hence the result (18 



16 Non-simply connected coverings 

In this section we study the relation between local moment maps on symplectic 
manifolds Z, Y where q : Z — > Y is a covering of manifolds, but Z is not 
necessarily simply connected: 

Let ( £ Z, 7; e F be base points with q(() = 77; let V = m {Y,rf), and 
H = 7Ti (Z, £). Let X be a universal covering manifold p : X — » F of y such 
that y is the orbit space y = X/V. Then X is also a universal cover of Z, and 
Z is isomorphic to the orbit space X/H; for the sake of simplicity we ignore this 
isomorphism and identify Z = X/H. There is a covering projection r : X — > Z , 
taking the base point £ G X to r (£) = £, and p = q o r. Since 9#7Ti (Z, £) is an 
injective image of H in "D, we identify H with its image under q#, and thus can 
regard H as a subgroup of X>. 

If a; is a symplectic form on Y, then f2 = and = are the natural 
symplectic forms on Z and X, respectively, and f2 = r*fi. 

Let the Lie group G act on Y from the left via $ : G x y — > y. We assume 
that the lift $ of $ to X exists, which is true if and only if $> v #wi (G, e) = {e}. 
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It is easy to show that in this case the lift <£> of $ to Z exists; and furthermore, 
that the lift of <£> to X coincides with $. 

We now introduce trivializations for p : X — > Y, and subsequently, con- 
struct preferred trivializations of the coverings r : X — > Z and q : Z — > Y based 
on this. Firstly, let V be a simply connected open cover of Y as above, and 
let (i a : V x V a — > JT) be a trivialization of the covering p : X — > y. Given 
an element d G P, let [d] denote the coset [d] = Ti ■ d, where H C V is re- 
garded as a subgroup of V, as above. For y a 6 V and d € P, define sets 
J7 a ,[c2] = r o i a ({d} x V a ) C Z. The sets £7 a ,[d] are open and simply connected 
by construction, and their totality 

U={U aAd] \ aeA; [d]eV/H] (88) 

covers Z, since the sets i a (d,V a ) cover X. The U a ^d] are just the connected 
components of the inverse image q^ 1 (V a ) C Z, hence we have q (U a u]) = Va 
for all [d] € T>/H, and W is a simply connected open (countable) cover of Z. 
We define a trivialization (k a : V/H x V a — > Z) of the covering g : Z — > y by 
fc Q ([d] , y) = ro i a (d,y). Since r maps points a; £ X into orbits r (x) = <& (7i,x), 
this definition is independent of the representative d of [d] . Now we can construct 
trivializations of r : X — > Z based on the cover U of Z; in particular, by 
specifying representatives do of the various cosets [do] , we see that there exists 
a trivialization (j a u ] '■ H X E^ a .[d ] ~~ * X) such that 

3a,[d ) % k a (Mo] ,y)) = i a (h-d ,y) (89) 

for all arguments. 

As X is simply connected, the action $ has a global moment map J satisfying 
<9<l / - \ 

—A^p*uj + d{J,A)=Q . (90) 
Using the arguments in section ^ we find that 

dG' 



Ahq*u> + d(Joj aAdo]ih ,A)=0 . (91) 



Hence, introducing the quantities J a ,[d ],h = j°3a,,[d ],h> an d taking into account 
that the trivializations (j a ,[d a }) define an H- valued 1-Cech cocycle (^g a unj 
by 

h,[d' ] ° Ja ^ {h ' Z) = { h 'K[<h)ib,[^]' Z ) ' (92) 

we see that the collection (j a ,[do],h ! 9 a [ do ] b [d']) defines a local moment map 
for the action 4> with respect to q*uj. Similarly, the equation 

—A\-w + d(j°i a , d ,A) = (93) 
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shows that the collection {J a ,d\ gab), where J a ,d = J ° ia,di an d (<7ab) is the 
T>- valued 1-Cech cocycle with respect to (i a ), is a local moment map for the 
action $ with respect to uj. The relation between these two local moment maps 
is easily found using ( |8^ ) to be 

Ja,[d ],h ° K,[do] = Ja,h-d ■ (94) 

17 G-state spaces and moment maps 

Finally, in this section we discuss our concept of a G-state space. This is an 
identification space based on a partitioning of a symplectic manifold into con- 
nected subsets, on each of which a given global moment map is constant. These 
connected subsets are then invariant under the Hamiltonian flow associated with 
every Hamiltonian h that commutes with the G-action This construction 
coincides with the first step in a Marsden-Weinstein reduction of the symplectic 
manifold. We first consider the case where the symplectic manifold is simply 
connected: 

Let X be a simply connected symplectic manifold with symplectic 2-form 
fl. Let $ be a symplectic action of a Lie group G on X. There exists a global 
moment map J associated with To every x € X we now assign the connected 
component s (x) of J -1 (J (x)) that contains x; i.e., s (x) C J -1 (J (x)) is con- 
nected (in the induced topology), and x 6 s (x). The collection of all s (x), as x 
ranges through X, is denoted as Ex- Then Ex is an identification space, where 
s : X — ► is the identification map. We endow Ex with the quotient topol- 
ogy inherited from X. One can assume further technical conditions in order 
to guarantee that the sets s (x) are presymplectic manifolds which give rise to 
reduced phase spaces; such a reduction is called Marsden-Weinstein reduction 
[0. Wc do not make these assumptions here, since they are not necessary for 
our purposes. 

By construction, the moment map J is constant on every connected com- 
ponent of J -1 (J(x)), and hence descends to the space Ex; i.e., there exists 
a unique map t : Ex — > 9* satisfying l o s = J . Also, every diffeomorphism 
<t g maps connected components of J -1 (J (x)) into connected components; this 
follows from formula dS3|). Hence, $ descends to an action <fi : G x Ex — > Ex, 
satisfying 

s o <l ff = $ g o s , (95) 

which gives rise to an analogue of formula ( [83] ) on Ex , 

La4> g =Ad*(g)-i + a (g) . (96) 

In this construction, we have identified all states x G X which are mapped 
into the same value under the moment map, and which can be connected by a 
path on which the moment map is constant. Ex is a G-space with action cj). 
There is a semi-equivariant map c from Ex to the G-space g* . Furthermore, the 
connected components s (x) are preserved by any Hamiltonian that commutes 
with G. This discussion can be summarized in the 
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17.1 Theorem and definition 



Let X be a simply connected symplectic manifold, let $ be a symplectic action 
of a connected Lie group G with Lie algebra g on X, let J be a global moment 
map associated with $. Then 

(A) there exists a space with a G-action <fr, a projection s : X — > T,x, 
and a semi-equivariant map l : Ex — > 5* satisfying to s = J such that 



(96) holds. 



(B) If ft, is any Hamiltonian on X satisfying the Poisson-bracket relations 
{/i, (J, A)} — for all ie j, then the associated Hamiltonian flow ft (a;) 
preserves the sets s _1 (a), a 6 S. In other words, 

Jof t (x) = J(x) (97) 

for all £ 6 (cr) and tel. 

(C) will be called a G-state space for the pair (x, . 

18 The splitting of multiplets 

Now we turn to investigate the relation of the objects defined above to a similar 
construction on a non-simply connected manifold Y, where p : X — > Y is a 
universal covering of Y, and p is a local symplectomorphism of symplectic forms 
u> on Y and SI = p*w on X. The first thing to observe is that the diffeomorphisms 
7 of the deck transformation group T> of the covering descend to Y>x'- To see 
this, let A be a path lying entirely in one of the connected components s _1 (a) C 
J -1 (J (x)) [Here we assume that connectedness implies path-connectedness]. If 
A denotes its tangent, we have 

- ( J o 7 o A, A) = A h 7 *d (J, A) = -Q ( —A, 7 *A J - 

- - ^ fcm* A ) ^ - Q (i A < A ) ^ I < J x ^ = • 

Here, the last equation follows from the fact that A lies in a connected compo- 
nent of J -1 (J (x)); furthermore, we have used that fl is 2?-invariant, and the 
action $ commutes with T>, since G is connected (this follows from theorem 



10.2 ). But this result says that J is constant on the 7-image of every connected 
component J -1 (J (x)); since this image is connected itself, it must lie in one of 
the connected components of J -1 (J07 (x)). As 7 is invertible, it follows that 
7 maps connected components onto connected components, and hence descends 
to a map 7 : Sx — > such that 

7 o s = s o 7 . (98) 
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Thus, we have a well-defined action of V on Ex- We now construct a space Ey 
analogous to Ex: Define Ey as the quotient Ex/'C, with projection q : Ex — > 
Ey . We note that this is not a covering space in general, since the action of T> 
on Ex need not necessarily be free; for example, if 7 maps one of the connected 
components s~ 1 (cr) onto itself, then 7 has a fixpoint on Ex- However, formula 
( p8[ ) implies that the map s descends to the quotient Ey = Ex/D, which means 
that there exists a unique map s : Y — > Ey such that 

s o p = q o s . (99) 

Using (^) and (|99| ) it is easy to see that the action $ of G on 7 preserves 
the G-states on Y, i.e. the images p o s _1 (a) = s _1 o q(a) of the connected 
components of J -1 (J (x)), where x G s _1 (cr), under p: For, let y G p o (cr), 
then there exists an x G s _1 (cr) with y — p (x). Then 

$ s (y) = $ g op (x) = po$ g (x) G po$ g os _1 (cr) = pos^o^g (cr) = s~ 1 oqo<fi g (a) 

which implies that s a $ g (y) G q ° 4> g (cr) for all y in s _1 (g(cr)). Hence, $ 
descends to an action <f> : G x Ey — * Ey with 

(j) g O S — S O , (100) 

which is the analogue of (|95|). 

The orbits ^>g (cr), cr G Ex, and <pc (r), r € Ey, are the classical analogue 
of carrier spaces of irreducible G-representations in the quantum context Q. 
However, for every G-state r G Ey there exists a collection c/ _1 (r) of G-states 
in Ex which are identified under q. The elements in the collection q^ 1 (r) are 
labelled by the elements d of the fundamental group V ~ 7Ti (F, y) . We call this 
phenomenon the " splitting of (classical) multiplets" on account of the multiple- 
connectedness of the background Y. It is basically a consequence of the fact 
that the group G, when lifted to the covering space X, is extended to a group 
G by the deck transformation group T>, whose group law in the case under 



consideration is determined by formula (|50j) in theorem 10.2 



A Appendix 

Here we compile the cohomologies that are used in this work. References are 

B 6/-form- valued cohomology on the deck trans- 
formation group 

Let p : X — ► Y be a covering of manifolds, where X is simply connected. The 
deck transformation group of the covering is T>. Our analysis is based on formula 

7*77 = 77 + dx (7) . (101) 
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where 77 is the potential for a g-form dr/ which is the pull-back of a closed g-form 



ui on Y, i.e. dr] — p*uj. Then drj is X>-invariant, as follows from proposition 3.2 



but t) is not, as follows from the last equation. In particular this means that 



for x 7^ 0, r) is not the pull-back under p* of a form on Y. Now (101) defines a 
cochain in a cohomology on T> defined as follows (our notation conventions are 
those of p2[): An n-cochain a n is a map a n : V n — » A* (X), where A* (A) = 
A 9 (A) denotes the ring of differential forms on A. The deck transformation 

group T> acts via pull-back of elements 7 on forms: DxA* (A) 3 (7, a) ^ 7*a. 
This is a right action, in contrast to the the cohomologies to be discussed below. 
A zero-cochain oto is an element of A* (A). The coboundary operator S in this 
cohomology is defined to act on 0-, 1-, 2-cochains according to 

(5a ) (7) = 7*a - a , 
(Sat) (71.72) = 72«i (7i) - oti (7172) + oil (72) , , 1Q2 n 

(fc 2 ) (71,72,73) = 73 «2 (7L72) + «2 (7172,73) - 
-Q!2 (71)7273) - Ot-1 (72,73) . 

and 5 is nilpotent, (5 o S = 0, as usual. Now consider the 0-cochain r\ in equation 



(101). With the help of (102), equation (101) can be expressed as 



6 v = dx , (103) 

where it is understood that x is a function of arguments in the set T> x A. The 
commutativity [S, d] — and the nilpotency S 2 = and d 2 = of the coboundary 
operators give rise to a chain of equations similar to ( |103| ) : Applying 5 to ( [10 3D 
gives 

d(*x) = • (104) 

Since A is simply connected 

S X = d X ' (105) 
for some Now the process can be repeated with the last equation, etc. 



C Cech cohomology 

The definitions in this section are based on j| , |0| . 

Let Y be a topological space and I? be a discrete group. Let V = {V a a £ A} 
be an open cover of Y such that every V a is admissible. [If Y is a manifold, we 
can assume that A is countable, and every V a is simply connected.] A function 
g : Y — > T> on the topological space Y is called locally constant if every point 
y G Y possesses a neighbourhood V on which the restriction of g is constant. 

Let <S° denote the sum S° = |J 14; let S 1 denote the sum S 1 = \_\V a r\Vb, 

a£A a,b 

for all a, b for which V a D Vb ^ 0, allowing for a = b. We denote the images of 
V a , V a l~l Vb, under the associated injections simply by (a), (a, 6), etc. [We 
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recall that the set underlying a sum E = BUC is the disjoint union of B and C. 
Furthermore, if i : B — ► E, j : C — ► E are the injections, then z (£?) and j (C) 
are both open and closed in E, which means that E is disconnected. Hence if 
each is connected in Y, then a locally constant function on 5° is constant on 
the images of all V a under the appropriate injection; similarly, a locally constant 
function on S 1 is constant on the images of V a f] Vb under injection. Therefore 
in this case, a locally constant function on 5 ,5 1 is constant on all (a), and 
(a, b), respectively]. A locally constant function fo : S Q — > T> is called a 0- 
Cech-cochain (with respect to V). A locally constant function /i : S 1 — > D is 
called a 1-Cech-cochain (with respect to V). A 1-Cech-cochain /j is called a 
1-Cech-cocycle if 

(Cocl) /]J (a, a) = e, where e is the identity in V, 

(Coc2) /i | (b, a) = /f 1 1 (a, 6), /f 1 denoting the inverse of /i in £>; 

and for all V a ,V b , V c for which K n Vj, n F c 7^ it is true that 

(Coc3) / x | (a, c) = [/i| (a, &)]•[/! 1(6,0)], 

where (a, 6), (6, a), (a, c), etc., are to be regarded as disjoint subsets of 5 . 
Two 1-Cech-cocycles /, /' are said to be cohomologous if there exists a 0- 
Cech-cochain h such that 

(Coh) f'\ (a,b) = [h- 1 ] (a)] ■ [/| (a,b)} ■ [h\ (6)]. 

The property of being cohomologous defines an equivalence relation amongst 
all 1-Cech-cocycles with respect to V; the equivalence classes are called first 
Cech cohomology classes on V with coefficients in T>. The set of these classes is 
denoted as H 1 (V;V). 

For n > 1, the ri-th cohomology class is described more readily when V 
is Abelian. Assuming this, an n-Cech-cochain f n with coefficients in 2? is a 
locally constant map f n : S n — > £>, where S n is the topological sum S n = 

do, ■ ■ ■ ,a n for which V ao n • • • H 7^ 0. 

ao , . . . ,Oti 

The coboundary operator S sends n-cochains f n to (n + l)-cochains J/ n defined 

by0 

n+l 

5/„| (oq, . . . ,a„+i) = • /n| (ao, ■ ■ ■ ,Ok, ■ ■ ■ ,a n +i) , (106) 

where Ok means that this argument has to be omitted, and — /„ denotes the 
inverse of f n in the Abelian group T>. 8 is nilpotent, <5„+i o S n = 0. As usual, n- 
cocycles are elements in ker(5„, n-coboundaries are elements in im5 n _i , and the 
n-th Cech cohomology group on V is the quotient H n (V; V) = ker^„/ im<5 n _i . 
Obviously, statements (Cocl-Coc3) and (Coh) above generalize this pattern to 
non-Abelian groups T>. 
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D P-coverings 



This and the next section are mainly based on M . 

Let V denote a discrete group. Let X be a topological space on which V acts 
properly discontinuously and freely. Let p : X — > X/T> denote the projection 
onto the space of orbits, endowed with the quotient (final) topology. Then p is 
a covering map. 

Generally, if a covering p : X — * Y arises in this way from a properly discon- 
tinuous and free action DoaX, we call the covering a T>- covering. Given two 
coverings p : X — > Y and p' : X' —y Y' of topological spaces, a homeomorphism 
4> : X — > X' is called isomorphism of coverings if <f> is fibre-preserving, p' o cf> = p. 
An isomorphism of T>- coverings is an isomorphism of coverings that commutes 
with the actions of T>, i.e. <fr(d- x) = d-<p(x); in this case we also say that <j> is V- 
equivariant, and we say that the spaces involved are T> -isomorphic. The trivial 
T>-covering of Y is the Cartesian product D X Y together with projection onto 
the second factor as covering map, and V acts on (d, y) £ T> x Y by left multipli- 
cation on the first factor, [d! ', (d, y)) i— » (d'd, y). An isomorphism i : V x Y — > X 
of the trivial ©-covering onto a ©-covering X is called a trivialization of X. 

Let p : A — > X/© = Y be a ©-covering. Let V C Y be an admissible 
connected open set in Y. A choice of a connected component U C p^ 1 (V) 
defines a trivialization i : V x V — > (V") of the ©-covering p : p" 1 (V) — > Y 
as follows: For (d, y) G T> x Y, let i (d,y) = d- (p\ U)~ (y). Then i is evidently a 
bijection and hence a homeomorphism; furthermore it is fibre-preserving, since 
projection onto the second factor of (d, y) yields the same as p o i applied to 
(d, y) ; and it is P-equivariant by definition. This says that a 2?-covering is 
trivial over each admissible neighbourhood V C Y. A different choice U' of 
connected components in p^ 1 (V) defines a trivialization i' : V x V ^ p^ 1 (V) 
with i'~ x o i [d, y) = {d ■ g (y) , y), where g : V — > P is continuous, and hence 
constant on every connected subset of Y, since T> is discrete. 

E Cech cohomology and the glueing of D-coverings 



Let p : X — > = Y be a ©-covering; let V be an open cover of Y by 

admissible subsets V C Y. For sufficiently simple spaces such as manifolds it 
can be assumed that every V G V is simply connected in Y and path-connected. 
As explained in the last section, a choice of connected component U a Cp" 1 (V a ) 
in the inverse image of every V a , a € A, gives rise to a set of local trivializations 
i a : T> x V a — > (Y a ), which, in turn, define a collection (<7 a b) of transition 
functions g ab : V a f) V b -> 2?, i^ 1 o i a (d,y) = (d ■ g ab (y) ,y). If all Y a are 
connected, the transition functions g ;, are constant due to continuity. It is 
easily seen that the (g a b) satisfy 

( Trans 1) g aa = e, 

(Trans2) g ba = g^ 1 , 
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(Trans3) g ac = g ab ■ g bc , 



the last equation following from i~ 1 i c ic 1 ^bih_ = *d, whenever V^nVf,nV^ ^ 
0. Comparison with (Cocl-Coc3) in section shows that the collection [g a b) 
defines a 1-Cech-cocycle on V. Now suppose we choose different trivializations 
i' a . Then the trivializations are related by i'~ o i a (d, y) — (d ■ h a (y) , y), with 
a collection (h a ) of locally constant functions h a : V a — > ©, which defines a 
O-Cech-cochain on V, as explained in section |c[ The transition functions (g' ab ) 
associated with (i' a ) are defined by i' b ~ o (d, y) = (d • g' ab ,y); on the other 
hand, from the definition of (h a ), we find that i' a (d,y) = i a (d- , y), which 
implies that i' b ~~ l o i' a (d, y) = (d- h~ 1 g ab h b , y). Thus, 

9ab = K 1 ■ 9ab ' h b . (107) 

Statement (Coh) in section ^| now shows that the cocycles (g a b) and (g' ab ) are 
cohomologous. This means that a ©-covering p : X — > X/V = Y determines 
a unique Cech cohomology class in H 1 (V;©). - Furthermore, let q : Z — > 
Z/T> = Y be another ©-covering of Y such that there exists an isomorphism 
cf) : X — ► Z of ©-coverings. Assume that i a : © x 14 — > (V a ) C X is the 
trivialization over in the ©-covering p : X — > y. Then (d, y) i— > <f> o i a (d, y) 
is a trivialization over V a in the covering q : Z — > Y with transition functions 
5afc = ffo6- Any other trivialization of q : Z — > Y gives a cohomologous cocycle. 
Thus, we have found that ©-coverings which are ©-isomorphic define a unique 
Cech cohomology class in H 1 (V;©). 

- Conversely, we want to show that a cohomology class represented by (g a b) 
defines a ©-covering of Y up to ©-isomorphisms. Let p : X — > Y = X/V, p' : 
X' — > Y = X' I'D be two ©-coverings with trivializations i a : © x V a — > p _1 (Va), 

: © x y a — ► (Vo) and associated cocycles (g a b), (g' ab ) defined by i b x o 
i a (d, y) = (d • 5a&, J/)i C 1 ° *a (d, y) = (d • fl£ 6 , y), such that g' ab = h" 1 ■ g ab ■ h b , 
where (h a : V a — ► ©) is a O-Cech-cochain on V. It follows that i' a (d ■ h a ,y) — 
i' b (d ■ g ab ■ h b ,y). On the sets D x 14 we now define a collection of functions 
k a : © x V a — * A' determined by k a (d, y) — i' a (d ■ h a , y). By construction, all k a 
are continuous. Furthermore, if (d, y) E ©x V a and (d', y') E ©X V& are identified 
under the trivializations i a , i&, so that i a (d,y) — i b (d',y'), then k a (d,y) and 
k b {d',y') coincide; for, in this case, we must have (d',y') = {d-g ab ,y), and 
hence 

h {df, y') = i' b (d' ■ hb, y') =i' b (d- g ab ■ h b , y) = i' b (dh a ■ g' ab , y) = 

= i' a (d- h a ,y) = k a (d,y) . 

Now the set of trivializations (i a : © x V a — > X) as defined here can be regarded 
as a collection of identification maps (i a ) on the sets © x V a , where © has 
the discrete topology, and the V a have the topology induced from Y. The 
identification space X has the ^-universal property that for every topological 
space X' and any collection of continuous functions (k a : © x V a — ► X') which 
coincide on elements (d, y), (d' , y') which are identified in the identification space 
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(i a : V x V a — > X), there exists a unique continuous map ip : X — > X' such 
that ip o i a = k a . Since the arguments leading to this result can be reversed, it 
follows that tp has a continuous inverse, and hence is a homeomorphism. Locally, 
we have o %jj o i a (d, y) — (d ■ h a , y), which says that ip is fibre-preserving, 
and hence is a covering isomorphism. The same formula shows that ip is T>- 
equivariant. Altogether, therefore, ip is an isomorphism of P-coverings. 

The last two paragraphs therefore prove that there is a 1-1 correspondence 
between X>-coverings of Y which are 2?-isomorphic, and cohomology classes in 
the first Cech cohomology group H 1 (V; V) on V with values in V. 

F Deck-transformation- valued cohomology on G 



Consider the scenario of theorem 10. | ; there it was shown that when the action 
4> : G x Y — » Y of the Lie group G is lifted to a smooth map 4> : G x X — > 
X satisfying (L1,L2), then the set |<^ s | g G g\ usually no longer closes into 

a group, but is extended to a larger group G which contains I? as a normal 
subgroup such that G/V = G. The deviation from closure was measured by the 
map 

T-.GxG^V , (g,h)^T(g,h) = 4> g 4> h ^ 1 , (108) 
see (Q). Furthermore, we have a map 

b(g):V^V , 7^6(3)7 = ^070^! . (109) 



In the discussion following formula (42) it was pointed out that b : G — > Aut (T>) 
usually is not a representation; here we show that if T> is Abelian, then & is a 
representation, and hence defines a left action 

GxV^V , (3,7)^(3)7 , (HO) 
of G on V. To see this, consider the expression 

b(gg')i = $ gg H$gg' ; 

using ( |108| , [109[ ) this becomes 

<L'7<^ - T- 1 (g, g') [b (g) o b (g>) 7] V (g, g>) ; 

but the expression b (g) o b (g') 7 in square brackets is an element of T>, as are 
the T's. Hence, since V is Abelian, the last expression is 

T- 1 (g, g') [b (g) o b (g') 7] T (g, g') =6(5)06 (g') 7 , 

which proves 

b(99') = b(g)ob(g') . (Ill) 
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In the sequel we use an additive notation for the group law in T>; i.e. (7, 7') 1— > 
7 + 7' G T>. We now introduce a X>-valued cohomology on G as follows: n- 
cochains a n are maps G n — > T>; 0-cochains are elements of T>. The coboundary 
operator 5 is defined to act on 0-, 1-, 2-cochains according to 



(Sa ) (g) = b (g) a Q - a Q , 
(5a>i)(g,h) = b (g) oti (h) - a x (gh) + a x (g) 
(Sa 2 )(g,h,k) = b(g)a 2 (h,k) + a 2 (g,hk) - 
-a 2 (gh,k) - a 2 (g,h) . 



(112) 



This is well-defined, since (111) says that b is now an action. We denote the sets 
of n-cochains, -cocycles, -coboundaries, and n-cohomology groups by C" (G, V), 
Z n (G, V), B n (G, V), and H n (G,V) = Z n (G, V) / B n (G,V). 

— Another cohomology on G and g that occurs in studying moment maps 
is the 



G g*-valued cohomology on G 

n-cochains are smooth maps a n : G n — > g* . G acts on g* via the coadjoint 
representation Ad* of G on g*; this is a left action, see the beginning of the 
appendix. The set of all (?*-valued n-cochains is denoted by C n (G, g*). The 
coboundary operator 6 : C n — > C n+1 acts on 0-, 1-, 2-cochains ata, a x , a 2 
according to 

(Sao) (g) = Ad* (g) a Q - a Q , 
(Sai)(g,h) = Ad* (g) ai (h) - ai (gh) + at (g) , , , 
(Sa 2 )(g,h,k) = Ad*(g)a 2 (h,k) + a 2 (g,hk)~ {LL6> 
-a 2 (gh,k) - a 2 (g,h) , 

etc.. The set of all n-cocycles is denoted by Z n (G,g*), the set of all n- 
coboundaries is denoted as B n (G,g*). The ri-th cohomology group of G with 
values in g* is the quotient H" (G,g*) = Z n (G,g*) / B n (G,g*). 
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